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L FUNDAMENTAL FORMa 



!• I adx = ax. 

2. I af(x) dx = a I f(x) dx, 

/dx 
— = loga:. [logic = log(-a;)-h(2A:+l)7ri.] 
•2/ 



//jpfn + l 
a;"»rfx = ^ . ^ > when m is different from — 1, 
m 4- 1 

5. I e^dx = e*. 

6. j a*logacfo; = a*. 

7. I IT-; — 3 = tan-^a5, or — etn-^a?. 
J 1 -h x^ 

8. I ,- = sin""^a;, or — cos~^a: 

9. I — , = sec"^a5, or — csc~^a5. 

10. I = = versin^^au, or — coversin^^a;. 



FUNDAMENTAL FORMS. 



1. I COS xdx = sin x, or — coversin x. 



s 

2. j ainxdx = — cos x, or versin a. 

3. I ctn xdx = log sin a;. 

4. I tan a; cfo; = — log cos x, 

5. I tan X sec xdx = sec a;.* 

6. I sec*a5cfo; = tana. 

7. j csc'a;c?a5 = — etna?. 

In the following formulas, u, v, w, and y represent any 
unctions of a;: 

8. I (u + V + w + etG.)dx = j udx + I vdx + iwdx-^Qta. 
9a. i udv = uv — I V du, 

96. { u^r dx ^= uv — I V -T-" dx. 
J dx J dx 

dx 



RATIONAL ALGEBRAIC FUNCTIONS. 



n. RATIONAL ALGEBRAIC FUNCTIONa 



A. — Expressions Involving (a + bx). 

The substitution of y or « for x, where y = a -{• bxj 
« = (a + bx) /Xy gives 

21, J (a + bx)'^dx = TjlT^y- 

22. fx (a + bx)'^dx = ^ J y^Qz — a) dy. 

28. Jaf (a + bx)'^dx = ^i J y" (^ - a)"<^y- 

i" dx ^ __ 1 r (g - bY-^^-^dm ^ 

J aj» (a -h i>a;)~ »«•+»- V «"• 

Whence 

27 r_^_=__J 

J (a + te)* 6 (a + fee) 

28 C—^ - 

*"' J (a + bxy 2b{a + bxy 

29. ( "'. . = Tifa + 6a! — a log (a + &»)]. 



6 BATIONAL ALGEBRAIC FUNCTIONS. 

r xdx if 1 tt "1 

J (a-hbxy b^\^ a + bx'^2(a-hbxyj 

r dx _ __ 1 1 a + bx * 
* •/ X (a H- to) ax 



r dx _ 1 1 1 tt+to 

* J x{a+bxy a(a-hbx) a* x 

oo r(a'{-bx)dx bx aJb' — a'b , / i , ., \ 

87. J"(a+to)» (a'4-ft'x)«c?a; = T (a+to)»+i (a'+^'a;)" 

- m (a^' - a'b) f (a+ to)» (a' + ^'a)"— ^ (^x J 

r (a + to)"<^g ^ 1 / (a-hbxy+^ 

^^'J (a' + b'x)^ "" (m-lXab'-a'b)\(a'-hb'x)^-^ 

_i_ / ON A r(ci^ + bxydx\ 

^ 1 / (g + to)" 

^ (m - 71 - 1) ^>' \(a' + b'x)"^-^ 



+ 






1 / (a + bxY r (a + bxY-^dx \ 

(m - 1) b\(a' -h b'x)^-^ J (a'4-ft'a)"-V 



• /» «f a? 1 . 6 , a + 6a? 



RATIONAL ALGEBRAIC PXTNCTIONS 

* • J (a + fee) (a' + Vx) ab' - a'b ^ a + bx 
40 f ^ 

= I ( 1 

(m - 1) («&' - a'b) \{a + &«;)"-» (a' + 6'x)"-» 
- (m + « - 2) */(« + j^)«(t^+j,^)„-i) 



41. r^ 



a;(2x 



42. r^ 

«' (a 



43 



•J ra 



(a + *») (a' + *'«) 

^ ai' - a'b (f log («+**)- f; log («' + *'*))• 

a^' - a^h\a + hx^ M- a'b ^ a -h bx J 
xdx 



(a + bxf (a' + Vx) 



— a a) - a' + Vx 

b (aV - a'b) (a + bx) " (aV - a'bf ^^ a -h bx 



AA C x^dx __ a* 

J (a + ^ic)2 (a' + Vx) " «r^ (a^' - a'b) (a 



+ «>x) 



■'"(a* 



^{^ log (a' + .'.) + ^i^*:^ log (a + *x)] 



46. J-(a + te)S<fa; = " (« + &»)". 






8 RATIONAL ALGEBRAIC FUNCTIONS. 



B. — Expressions Involving (a + bx'^y 
47. I ^:^. = itan-i? = i8m-i— ^ 



c 

•/ c* -h aj* c c c -y/x^ -f- c^ 

Aa r ^ li c + cc p dx 1- x — e* 

60. I — r^-i = — , ^og~-?= 7=' if a>0, ft<0. 



51 



+ ^aj' 2^-aJb Va-xV-ft 



/ cfag X 1 r 
(a 4- hT?'^^ "" 2a(a-hbx^ "*" 2 a J a 



(a + ^>ajy 2a(a + ^>a;2) ' 2 a J a + ^ic^ 



RQ C ^^ — "^ ^ 2m — !/• dx 

J (a-hbx^"'-^^ "" 2 ma (^T+to^ "*" 2ma J (a + bx^ 

_. /* xdx 1 r dz 

®** I 7 — , , ax«,. 1 = H I 7 — , , v^. i > where z^tt. 



55 



(a -h bx^)""-^^ 2 J (a-^bzy 
dx 1 , a^ 



r_j^ 1_ 



+ ^a;^ 2 a ^ a + bx^ 

dx 



-hbx" 

dx 



* •/ a + bx^ b bJ a 

57. r dx _ 1 6p 

* •/ a:^ (a + bx^ ax a J a + bx^ 

/ x^dx — ^ 1 r dx 
(a -h ^a;2)«»+i "" 2 m^Ca + i>a^»» "^ 2 m^J Ca 



58 



59 



(a -\- bx^"^-^^ 2 mb (a -h baf^"^ 2mbJ (a + ba^)"" 

dx 1 r dx b r dx * 



/ dx ^ 1 r dx _ ^ r_ 
x^(a + ^a;2)'«+^ "" aJ x^{a + ^a^« aJ (a + ^a:^"»+* 
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10 RATIONAL ALGEBRAIC FUNCTIONS. 

C. — Expressions Involving (a-j-bx-i- cx^. 

Let X= a + bx-\- ax^ and q = 4:a6 — b^, then , 

^„ rdx 2 ^ ,2cx + b 2 ^ , .2cx + b 

67. I— = -7=tan-^ ^ > or - • tanh-^ ^ 

*^ ^ V^ Vg' -\—q -\^q 



oo r^^^ 1 1 2cx + b — y/--q , ^^ 

68. I -=7 = , log 7=l> when o'<0. 

J X V-^ 2ca; + ^ + V-^ 

^^ rdx 2cx-\-b . 2 c /•cfa; 

rdx _ 2cx + b f 1 3c\ Gc'rcfa; 

/* egg _ 2cx + b 2(2n-l)c rdx 
Jx»+^"" 7i^X» "*" qn J X^' 

^^ rxdx 1 - ^ b rdx 

rxdx __ to + 2a ft /•cte 

^^' J "X^"" ^X ^J x' 

r xdx __ __ 2g + to ^ ft (2 71 — 1) rdx ^ 

J X» + l ■" "" 7l^X» ■" Wy J X** 

■ 

«« r^ . (ft» - 2 ac) aj + aft . 2 a /•(ix 

r x'^dx cc"*~^ 71 — m + 1 ft r x'^^dx 

J X»+i ■" (2n-m + l)cX''~' 2n-m-\-l~cJ X» + i 

Tyt — 1 ^ a r x^^^^dx 



RATIONAL ALGEBRAIC FUNCTIONS. 11 



^^'Ja^X''2a^^^a^ ax^\2a^ a J J 



dx 
X 



QA C ^^ — "^ n-j-m — l h r dx 



(m — l)ax"^iX» m — 1 aJ x'^^X''-^^ 
2n-\- m — 1 c 



m — 1 c r dx 



f_dx_ 1 ft^ /• c^ 1 f_dx_^ 

J a:X«"2a(n-l)X»-i 2aJ X» "*" a J xX^-^' 

/^ 1 / 

- logX) + (2 a'c - ft^') J^Y 

J ^ ^ 2(n-\'l)6 2 c J 

r (a''\-Vx)dx __ __ b' 2 a'c - bb' rdx 

J X" ■" 2(n-l)cX''-''^ 2c J X»* 



86 



. r (a' + b'x)^ X^dx = , J^ . ^, f ft Ya' + ft'cB)"-iX»+i 

J ^ ^ • (m-\-2n -\-l)c\ ^ ' 

+ (w + 7i)(2 a'c - ftft') r(a' + VxY'-'^X'^dx 

- (w - l)(aft« - aW + ca"^^ (a) + ft'cB)""«X»(ia; Y 



12 RATIONAL ALGEBRAIC FUNCTIONS. 



-2(w-2w + 3)cJ ^ — Y^i 

+ m(2a'(?-6ft')J ^^ Y^i J 

1 f b' (a' + b'x)^-^ 

"■(m-27i + l)c\ X^-^ 

+ (m-7i)(2a'(?-6ft')J ^^ j^ 

- (w - 1) (a^« - a%6' + ca'^j ^ ^; J 

_ 1 / -b'X* 

"b'^im- 1) \(a' + b'x)^-^ 



J (a' + b'xy-y 



+ 2nc 



1 / + &^Z» 

(m - 2 ?i - 1) b'^ \(a' + &'aj)"»-i 



89 



•J (a' 



RATIONAL ALGEBRAIC FITNOTIONS. 13 

dx 



= 1 ( *^ 

(m -1) (a^« - aW + ca"^ \(a' + b'x)^-^X^-^ 

(o 






itn Yn 



(m + 271-3)^"' r dx \ 

'^ w + 1 J (a: -\- h'xyX^-^ J 

If a^«^ - a*ft' + ca« = 0, 

/ egg; 
(a' + *'«)' 



D. — Rational Fbactions. 

Every proper fraction can be represented by the general 
form: 

f(x) ^ g,x—' + g^—' + g^x-"^ + . . . + gr^ 
F(x) aj» + kix""-^ + A^acc^-^ + . . . + ^^ 

If a, ^, <?, etc., are the roots of the equation F(x) = 0, so 
that 

F(x) = (x — ay (x — by (x — cY" •, 



14 RATIONAL ALGEBRAIC FUNCTIONS. 

then 

f(x) ^ ^1 , A . A . I ^v 

F(x) (x-ay^ (x-ay-^^ (x-ay-^^ ^ x - a 

Bi Bj Bs B^ 

(x- by (X- ^)«-i (x - by-^ "" "^ x-b 

4. ^1 J. ^ J. ^8 J |_ ^r 

^ (x- cy (a; - cy-^ ^ (x- cy-^ ^ ^x-c 



a^^ ••• ••• ••• ••• ••• 



9 



where the numerators of the separate fractions may be deter- 
mined by the equations 

. / X /(») (x-a)' , , ^ f(x) (x -b)" ^ 



If a, ft, c, etc., are single roots, then jp = g' = r='*' = l, 
and 

C 



^(ic) 05 — a X — b x — c 



The simpler fractions, into which the original fraction is 
thus divided, may be integrated by means of the formulas : 



90 



hdx __ r hd(mx + n) 



/ hdx _ r 
(mx 4- nV J 



(mx -\- ny J m (mx + w)' m (1 — Z) (mx + ti)*"^ 
hdx h 



and I ; — = — log (mx + n). 

J mx -\-n m ° ^ ' 



RATIONAL ALGBBRitIC FUNCTIONS. 15 

If any of the roots of the equation f(x) = are imaginary, 
the parts of the integral which arise from conjugate roots 
can be combined and the integral brought into a real form. 
The following formula, in which i = V— 1, is often useful in 
combining logarithms of conjugate complex quantities : 

log (x ± yi) = ^ log (x^ -{-y^±i tan"^ -• 

X 

The identities given below are sometimes convenient : 

1 1 V h h^ '\ 

(a + hx") (a' 4- b'x^) - a'h - ah' ' [_a -{- bx^ a' + h'x^\ ' 

m -\- nx 1 



[ 



{k + Ix) {a-{-bx-\- cx^) al^ + ck^ — hkl' 

I {ml — nk) c(nk — ml)x + (aln + ckm — blm) '^ 
k -{- Ix a -{- bx -]- cx^ J 

l-\- ma;" __ 1 f bl — am a'm — b'f l 

(a + bx"") (a' + ^'aj") "" a'b - ab' ' \_a -{- bx"" ■*" a' -{- b'x"" J ' 

1 _ A ^ B ^ C ^ 

(x -{- a) (x '\^ b) (x -\- c) X + a x -\- b x -{- c 

where 

1 1 1 

(a-b)(a^c) (b- c)(b - a)' (p - a) (c - ft)* 

1 ^ +-^+-^+ ^ 



(x -{- a)(x •{- b)(x •{- c)(x -\- g) x-\- a x -\-b x -{- c x •{- g 
where 

"~ (ft — a) (c — a) (^ — a) ' "" (a — ft)(c -'b)(g — by 
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in. IRRATIONAL ALGZSBRAIC FUNCTIONa 



A. — Expressions Involving Va + bx. 

Th e subs titution of a new variable of integration, 
y = Va + bXf gives 



2 

■y/a-j-bxdx = — V(a + bxy. 



92 



// — -T- ^ 2(2a-Sbx)-\/(a + ftaj)« 
x-y/a + bxdx = ^^ . /,^ ^ ^• 



93. C^v^r+r,a,= ^i^'^'-^^^'-+llf^^^(t ±M 

J 105 o'* 



dx = 2 Va + bx + a I — ■= 

^ ^ x^a 



95 



•J V^ 



6^ 2 Va + bx 



-\-bx 



^n C ^^ 2 (2 a — bx) I — —rr 



^^ r aj'cfa; 2 (8 a^ - 4 aJaj + 3 ^^aj*) / — — - 
97. I , , =— ^ zr^Tk ^Va + ioj. 



no r ^ 1 , f^a^rbx — Va\ „ ^^ 

98. I — . = — p log I . ;= )> for a > 0. 

»^ ajVa + bx Va \ Va -^ bx ■\- ^aj 

99. r-^= = -|=tan- J±^,or^.tanlx-^^. 
•^ x^a-\-hx V— a i — a Va ^ a 



IRRATIONAL ALGEBRAIC FUNCTIONS. 17 

dx Va -h hx h C ^ 



on c ^ — — "^ ^^ ^ r - 



■\-hx 

2^11 



.../(.+»«)-f^=f/y...,.a§±^ 



(2±7l) 
4:fen 2din 



AQ /* g*"c?a; _ 2x"^^a-\-bx 2 ma C x'^-^dx 



04 r <^ _ Vfl^ + ^x (2y^ — 3)^ r dx_ 



• n— 2 



^^ r dx 1 r dx b r dx 



x(a + bxy » x(a-j-bx) « (a + J«)« 

07. //(«, ^y^Tbx)dx=lfff€Lz±, ^z-^dz, 



where z^ = a + hx. 



m + n 



08. r(«+6a.)?cfa= "(;+y; • 

/(aj, (a + fta;)**, (a + hxy, " ')dx 



'=lff\~^' 2/% r» • • 'jy"^dy, 



where j^ =^a + hx, and s is the least common multiple of «, 
S', etc. 
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B. — Expressions Involving Both Va + bx and Va' + b^x. 
Let u = a-\-bx, v = a' + Vx, and k = db^ — a'J, then 

no. / v^^ = ^^ v^ - g|-,/-^. 

y/vdx 1 / — k C dx 



111 



112 



/ Vvcgag _ 1 / — k_ r 

efo; Vttt; a^' -\~ a'b T dx 



/ xdx _ Vm; ab* + «^ /* 



113. r-^ = -|=log(V^ + 6V5;) 



2 



tan- ^ V-T — ' or . — tanh"" ^ A h— 



1 . , 2 ^^'jc + a'^ + «^' 
sm- ^ 



V--^' * 



114. I — 7= = -7= log — y= 7= = ^ tan-^ .^ ' 

,,- /* 6^ 2Vw 
llO. I ■j= = y=' 

^ v\uv k'wv 

1 f ^ , If f— ^— ^ 
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120. fv^'w^-^cfa; = t;^ -rr — — V7:(2t;"»+^W"-* 

•/ (2 w + 2 71 + 1) \ 

+ (2 n — 1) A; Jt;"»i^»-i^ y 

121. rv'»i^-(«+*>(ia; = t;; rrrl^i;' 

•/ (2 71 — 1) A; \ 



m + l^^— («— J) 



- (2 7W, - 2 71 + 



122 



123 



s= I — <y"»|^— (n — J) 

(2 7i- 1)6 V 

/tr-«w<— *>cte = T^r '^ T-7: ( 2 i^»-*tr-<«-i) 
(2 7» — 2 71 — 1) \ 

+ (271 — 1)A; Jw»-*i;-"»6^ j 

+ (7i — i)6 rw"-iv-("»-^>cfa; j. 

(2 71 — 1) A; \ 
+ (2 7/1 + 2 7i - 3) b^Cv-'^u- («-*)(ia; Y 
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C. — Expressions Involving ->Ja^±.a^ and V^ — o^. 
t. r Via±^eto = i [x^x^d^a^ dz a* log (x + Vcc^ =fc a^)]/ 



25 

26. r^t= = log(x + Vi^^^«). 



27. I =sm~^-> or— COS"*-* 

«« r <^ 1 I a 1 , a? 

28. I — — = ~co8~*-> or-sec""^ — 
J jrVx* — a* a X a a 



•^ x^a^^Q^ a \ X / 



30 



• J c?a; = Va* zt x* — a log 



a:^ 



aj a? 



31. I dx = Vaj^ — a" — a cos~^ -• 

•^ x X 

32. f ,^^^ =zkV^±^. 
-^ Va^ dz aj* 

33. r-^^=v^3^. 

34. Cx^x^:ha^dx = i V(a« zt a«)». 
36. Cx-yJw'-'Q^dx = - ^ V(a« - x^. 



IRRATIONAL ALGEBRAIC FUNCTIONS. 21 

186. Cy/(x'±ayclx 
1Z7. C^(a'-xydx 



= i 



'x^(a'-x>)» + ^ y/^^^ + ^ sin-' ^1 

^ M Ob I 



188./ '^^ =^^ 



189. 



/ 






2 



V(a2 - xy a?^a^ - a^ 



140. I , = , 

141 r ^^^ =-^i=. 

142. Cx^(x^^aydx = J V^5"±ay. 

143. C xy/ {a^ - ix?f dx = - J V(a« -««)«. 

144. fajVa:^ dz a«(ia; 

= 7 V(^^^^ =F I* « V^^^±^' - ? log (05 + v^±7»); 

4 o o ^ 

145. C7?^a^-x^dx 

= - Z ^(«' " ^')' + f (a; V^^^=T« + a» sin-i | \ 

log « = sinh- » (^^) = cosh- » (^y^) ; tanh-i 2 = - i . tan-i(«i). 

* (See Note ou pages 20-21.) 
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«-J — ^ — = — 2^ni 



xVaF±x^' 



47. ja?VaF±l^dx = (d^^x^-^a^ ^{a" ± xf. 



r dx Va^ dz x^ 1 r dx 



-, r x^dx X /-= 5 , a' . , a; 

J Va2 - a-a 2 2 a 



52. I , =:f i 



53. I , = 5 



54. J —^ = ^ V log (aj + Va;« ± a«). 



55. I i c^aj = sin-^ -• 

Tf X a 



■f 



56. f— £^= = -^== + log(a:+V^l^V 



V(x2 ± a2)3 Vaj* d= a^ 



,^ /• x'dx X , ,x 

57. I , — = —=== — sin-^-' 

J V(a» - x^^ VV-^ a 



• (See Note on pages 20-fl.) 
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IRQ C f(^^ ^ C-pf ^^' \ ^^ 



where u = . ^ -. 



= a + cx^ 



159. I V ^ = - I /( \ duy where w' = a 



D. — Expressions Involving Va + ftx + ca?, 

4c 

Let X = a + ^05 + ca:*, a = 4:ac — V. and A; = — • In order 

to rationalize t he functi on f(x, "^Ja + bx-\- co^) we may put 
Va + ^x + cx^ = Vzbc V^ + ^a; zfc a;^, according as c is posi- 
tive or negative, and then substitute for x a new variable «, 
such that 



«= V^ + ^aj + aj*itaj, if c > 0. 

« = 9 if c < and > 0. 

X — c 



z = \l —9 where a and 3 are the roots of the equation 

^ a — X 

^ -f*-5aj - a;2 = 0, if (5 < and -^ < 0. 

— c 

By rationalization, or by the aid of reduction formulas, may 
be obtained the values of the following integrals : 

160. r-^ = -^logfVx+a;V^ + -VYif c>0. 

J Vx Vc V 2V^y 

«o« r ^ -1 • ./2cx±b\ 1 . , ./2cx-h^\ 
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/ dx _ 2(2cx-\-b)Vx 2k(n-l) r dx 

dx 

dx 



„./Vx^-es±f^^J,/ 



SJc'J Vx 



67. fx^VXdx 

_ (2cx-\-b)^X f 5X 15\ 5 r 

12c \ '^ 4.k^Sk'J^iek^J 



dx 



68. fx^Vx^ = ^'ZtlT.^ + 57^/^- 
•/ 4 (?i + 1) (5 2 (n + 1) A;J Vx 



(71-^1)6 2(n + l)kJ -yfx 

C xdx _ VX __ ^ C J^ . 
•J Vx"" c 2cJ VX 

* J XVx"" qVX 

/ xdx Vx 6^ /* dx 
x«vx" (2n-i)cx»~2J j;;^' 

r a?dx (2b^-4:ac)x + 2ab 1 r dx 

* J XVx"" cqVX cJ VX 



174 



■/ 
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01? dx 



x^Vx 



_ (2V-4:ac)x-\-2db 4: ac -\- (2 n - 2 ) V" r ^ 



175 



(2 7i-l)c^X»-iVZ {2n-l)cq -^ X^-^VY 

x^dx 






176. 



xVx 



J 3e 2cJ 



x'^Vx h 



111. CxXVx dx = 'S - ^ ikXsfX dx. 
J 5c 2cJ 



178 



/ xX^'dx __ X^VX __ J>_ r X^'dx 
VJ ""(27i + l)c 2cJ VX 



/• aj'-T'cfa; ^ xX^VX (2n + 3)b r xX»dx 
J VX ~2(« + l)c 4(« + l)cJ VX 

a r X^dx 

2(n + l)cJ Vx' 

181. P VX^ = (.. _ ^ + gi; _ 2aN XVl 
J \ 8 c 48 r 3 c/ 5 c 

182. I — p== 7= log! 1 7=)jifa>0. 

J xVx V^ \ « 2V^/ 
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183. I p= = —7= sin ^ ( 7= ) , or —7= sinn 7=- • 

^ x-yX -yJ—a \x^—qj Va x-\/q 



dx ^ 2VX . 

xVx" ^ 



184. f-^^^ = - ^-;^^» if a = 0. 

6^ 



185 



/ 



_ Vx 1 r (fo h_ r dx 

~" (2 n — 1) aX" aJ ajJT""^ Vx 2 aJ X" VX 

186. r^=-^-Ar '^ 



187 



a;-VX aaj 2aJ ajVX 

y/Xdx nrz . h r dx r dx 



,J-v^=Vx.|/^.»/ 



Vx J xVx 



* •/ xVx"(27i-l)Vx '^•z a;VX ^J Vx 
189. f V^^ Vx & p e^ I , r ^^ 

/ x^dx _ 1 /* a;"»""^cfa; ^ r a;"'~^flfa; a Px^^^dx^ 
x»Vx " c-' x»-iVx cJ x«Vx"^J x»Vx 

ro^X"^ _ a;"»-iX*»VX _ (2n + 2m-l)b r x'^-^X'^dx 
J Vx "" (27i + m)c 2c(2w + m) J VX 



190 



192 



■/ 



(m-l)a r a;"'-»X"<fa; 
(2 ?i + m) cJ Vx 



a;"»X»Vx 

Vx (2n-\-2m-S)b r dx 



(2n + 2m-S)b r 

-^X» 2a(m-l) J ^m-: 



(m — 1) ax'^'^X" 2 a (m — 1) J aj'^'^X" VX 

(2n + m -2)c r rfa; 

(w — 1) a J aj"»"-2j^'» Vx 
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27 



193 



/ 



X'^dx 



-1 ' 



(2n-l)c (*X^-^dx 

X 



l)h r X^'-'^dx 
-1) J x'^-^-y/X 



+ 



m 



-i)c rx^z 

— 1 •/ /ywi— a 



Vx 



194. (*/(«, V(x - a) (x - b)) dx 
where w^ (a; —6) = a; — a. 



^ 



-1 



udu 



(u^ - 1)2 



E. — Expressions Involving Products o f Powers of 

(a' + b'x) AND Va -\- bx -j- cx\ 

Let X = a + ^ + ca;^, v = a' -\- b'x, q = 4: ac — b^, 
fi = bb'-2a'c, k = ab'^ - aW -{- ca'*, then 



196. ( — y= = —j=log 
J v^X -sfk 



2k^-^V'-2b'-\/kX 



V 



1 . _, 2k-\-pv 



V-Aj 



tan" 



2V-^-kX 



= 1 3in-^^±a,if;bp£0. 



196 



vVx" 

thus, j 



2*'^,if;k = 0: 



/8w 



197 



198 






dx 



{x ± 1) Va; 

vVx 



VXzpl 
_ j^ a; d= 1 



dx 

v'VX 






(fa; 



Ajv 2 A:J v^/X 
2VVX 2c r dx 



3/3 



/x 2c r 

v" 3fiJ V 



Vx 



, if Aj = 0. 
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200 Cj!^^^_l(^A±m. 
J XVX b'qy/X 

201 C '^^^ vVx p r dx 

'J ^Jy c 2cJ 



202 



203 



VX G 2cJ VX 

J 3c 2cJ 

r vdx ^ _ v-sfx _AC ^ 

V r»VT~ (2n-l)cX^ 2cJ 



X-VX {2n-l)cX- 2cJ x-Vx 



C vX^dx ^ bX^Vx _ _^ rX^'dx 
J Vy ~'(2n + l)c 2cJ 



205 



VX (2n + l)c 2cJ VX 
dx _ b'Vx (2m-S)fi r dx 



r dx ^ __ b'^X __ {2m-S)p r d 

' •/ v"* VX (^ ~ 1) ^y"*"^ 2(m — 1) kJ -ym-i 



206 



•/ y 






"»VX (2 m — l)/3v*» 



(2m-l)pj t;"»-iVx 

r VXdx ^ _ ^>XVX _ (2m-5)/3 r Vxdx 
J v™ "" (m - 1) A:i;*»-^ 2(m-l)A;J V^-i 

(m - 4) c r ^Jltdx 
1 / 6>VX , 1 o f ^a; r_i?_\ 



208 
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J (w + 2) c \ 



209. f-^ 



dx 

b'Vx 



+ (m + 2»-2)c f ^^— r=\ if AjiiO. 



210 C ^ - -^ (^'^^ 



+ (m + 2n-l)e f ^^— r=\ if A! = 0. 



211 ■ ^"'^ 



■J t^^Vx 



+ (m-2n-2)c ^^'''^ ^ 

'' J v'^VxJ 

~(m-l)6»V «;■"-' "^^^ *''^J t,— >VJ 
+ (2n — l)e I ;= ). 
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212. I -p=r- = TTT-^ I ^'v*"*^" VX 

J VX (m-\-2n)c\^ 



-(m-hn-i)/3j— ^--(m-l)A:J— ^-j. 



^"•c^ic 1 /6'i;"*-'Vx 






-h 



(aj + a)(x + ^)VZ {h - a){x + a) Vx (a - ^)(a: + ^») VX 
' 1 



a — a' + (^> - />')x -h (c - c*) x^ 

Vx Vx Vx 



(a; + a) (x 4- h) {h -'a){x-\- a) {a — b){x-{- b) 

(X + a)VX ^^^ ^ \a-h)Vx 
X '\-b X'\-b 



j^prr 



, 2 , , r ^ is an elliptic integral. 



/x^a-\-bx^ ^ 1 f /— — , , 

where y^ z= a' -\- b'x\ 
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IV. Ba8CHU.AiraOUS ALGSBRAIC BXFKB8SI0N8. 



214. r VSoa-a:' ■ da: = ^-~- V2 oot - a!» + j sin"' 

215. f- 



= verain"! - = co8~' 



, , .„ j-i (^1 - -'\ 



'■/^ 



!"(& a;"-'V2 (m; - a:* 



(1 — 2>j) /• 3^-'(£3; 



LiMJ. 



'•/^ 



dx V2(m; — a;* 



V2ait-i' •(l-2»)«" 



i./.-V2 



218. I 3r-V2aa-!c*-«fe = 



,-'^(2,x^,^- 



+^^^tI^/---^^^^- 



p V2a»-J.A^ _ V(2a^-»V 
V a^ (3-2n)(M!" 

^(2»-3)aJ 

„„ r dx 2 ./iK 

880. I — , = — aec-*( — )■ 
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221. I — = — log ,—-= 



a; 



AAA r ^*^ o • 1 /^\* 

222. I , = f sin-i ( - 1 • 

+ tan-^ri + ^Vtan-Yl -^)|» where b»^a. 

, ( x + 9^^J2Wi \\ , _^ 
— log ( . — I > , where her = a. 

\ Va + ^x* /J 
' J a-\-hx^ h hJ (a 



226 



H-ftx* b hJ {a + ba?)^ 

dx V^ . 3 /• rfx 



227 



/ (^a; _ Va; _3_ /• 

/ V^-flfa; _ a;^ i J^ T ^^'^ 



If «!, 02? <^8> etc., are the roots of the equation 
X>(fl^ +Pi^^^ +p^~^ + • • • +i?„ = 0, 
the integrand in the expression 



ex* 
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where w < w, may be expressed as the sum of a number of 

partial fractions of the form -=====? and these 

(x — aj^y^a -{- bx + cx^ 

can be integrated by the aid of equations given above. Thus, 

228. C- (P^ + 9)d^ 

•^ (x — a^(x — ft') Va -\- bx + cx^ 

_q -h d'p r dx 

■" a' - ft' J (a- _ a') Va + fta; + cx^ 

q -\-b'p r 6^ 

a}-b'J (a;-ft')Va + ftaj + «c« 

dx 



229. f— 
J (a' 



(a' + &x^ Va -j-cx^ 



■■ , ^ tan-> X JHZ^ 

Va' (ac' — a'c) ^ a' (a H- ca*) 

s= p=== log ^ —^ — « 

2^a\a^c — ac^) ^a\a -\- cx^) — a; Va 'c — ac' 



230. 



•/ (a' 



(a' + c'x^ Va + cx* 



V c' (a'c — ao') ^ a'c — ac' 



2^c\ac' -aJc) ^ -yJc\a + ca^ + Vac' - a'c 



log 



»»••//{" >el}^ 



where «" (a' + k'x) = a-\- bx. 
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282. J/ (aj, yc-\-^a + hx)dx 



mn r 



(g» — c)" — 



.4 



(«» - c)"'-^«»-^flfo, • 



where «* = c + Va + hx. 






« > . . . y 



tf-^dy 



\»»\i 



(b - by) 



where y'(a' H- i'x) = a + bx and « is the least common multi- 
ple of n, q, etc. 

284. (/(«, Va + ^aj -h a;^ (ifiB 

-/•-/2Va-« — ft 2:^Va — ft«+Va\ (s^Va — bz-\-Va)dz 

= V^\ i-z- ' — rrp — ; (i-^» 

where «« + Va = Va + bx -h x\ 



285. J/(«, Va + fta; + a?) dx 

— a u^ — hu 



J''\b-2u 2u 
where u =Va + bx -ha^ — x. 



u + a\ 2(bu — a — n 
-b ) {b-2u) 



u^du 



J x*+a* 4a»V2l W-axV2+aV \« " 



X 



a 




-2tan-»f- 



■©} 
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V. TRANSCENDENTAL FUNCTIONa 



c 



>y 



236. I sin x /(cos x)(lx = — i /(cos x) d cos x, 

237. I cos a; -/(sin x)dx = j /(sin a;) c? sin x. 

238. I sin a; -/(sin «, Q03x)dx = — | /( Vl — «*, «)rf«, 
where « = cos a. 

J a -\- cos aj c(6 — a) ^J z -\- c J z — 
where z = tan ^x, and c* = (6 -h a)/(ft — a). [See 651.] 

240. ( . ,^. = I ■ ^. ^, :> where « = tan J a:. 

J a±.o sm a; */ a ± J 6« -h a«^ 

241. J/(sinaj)(fo: = -ffUos (^ - ^))^f f - «V 

242. r/(tan a;) c?aj = - J/^tn f ^ ~^)^(i"^)* 

243. J/(sec a;) (^ = —J/ esc (f""^)^(^""^)* 

/* sina;»/(sin'a;)flga; ^ r _/(g) g?^ 



Vl-Aj^sin^a; -^ 2 V(l - «) (1 - A:*») 
where « = sin^aj. 

•^ Vl - k' sin' a; •^ 2V«(1-A;'«) 
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dz 



'-^ Vl - A:" sin^ « J -^y^l - «y 2(1 - «) Vl - A;2«' 
where z = sin* «. 

247. Jf(ax -^b)dx = - jf{ax -^b)d(ax + b), 

248. Csec''+^X'f(t2Lnx)dx-C(l + z^'^f(z)dz', « = tanic. 

249. j /(sin a, cos a;) dx 

= -//(cos (l - xj, sin (l - x)) «i(f - xj 

250. j /(«) • sin""^ X'dx=^ sin""^ a; • ^ (x) — j -^e=^=> cfa;, 
where <f>(x) = I f(x) dx, 

251. (/(a;) • cos"^ xdx== cos~^aj • <^ (x) +J *^NfL= ' 
^252. J/(a5) • tan-^ acfa; = tan"* a; • <^ (a;) "" j t \. 2 * 

258. J/(«) • ctn-i a; (^a; = ctn-^ aj • <^ («) + J"^-^^ • 

254. I /(a;, cosx)dx = — j /( 9 "" ^> sin « j dz, 
where z = — — x. 

At 

/* sin X -/(cos a;) cfa; __ _ 1 C j»(^ — a\dz 
J a -\-b cos X bJ''\bJz 

where « = a + ft cos x. 
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386. j f(x, logx)dx= j f{^, z)e^dz, whe^es = loga^ 
25,, J/22^=J-/(,)^, „le„,_l„g^ 

S68. J'x-/(log«)*t=J'«<-*'»/(s)ife. 

269. j/(ain3;, C08 x, tan x, etna;, sec a;, esc «)(£*; 

J -^ \1 + »■' 1 + 2"' 1 - «■' 2s 'l-i>' 2z ,^ 
j?^, where. = «.n|, 

I , t where * = sin x : 

'' \Vr+P VTTP « « / 

T— — ^1 where * = tan x ; 

^» . ' , , 

— I where s = sm** ; 

— , ■-. .1 ) where « = tan* X. 
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260. j sin a; dfic = — COS a. [See 247.] 

. I sin* xdx= — ^ cos x sin x + ix = ^x — ^ s\n2x. 

. j sin' aj (fo; = — J cos cc (sin* x -\- 2). 

/. „ _ sin" -^aj cos a; . w — 1 T • « q ^ 
sin" xdx = 1 I sm^^^a; ax. 
n n J 

. j Qo^xdx^ sin a. [See 247.] 

. j cos* xdx=^^ sin x cos a; + ia; = ia; + i sin 2 x. 

. j cos' X cte = ^ sin X (cos* x + 2). 

. I cos**xdx = -cos""^x sinx H I cos"~*xc2x. 

J . n n J 

. j sin X cos xdx = i sin*x. 

. j sin* X cos* X dx = — |(i sin 4 X — x). 



261 



262 



263 



264 



265 



266 



267 



268 



269 

270. I sin X cos"» xdx = —r- 

•/ m -h 1 

271. I sin"»x cos xdx = 

272. j cos"»x sin*»x<ix = 



sin'^+^x 



cos'^^^x sin"+^x 

17 

m — 1 



'f 



273. I cos"»x sin^xdx = — 



m-\- n 

-\ ; — I cos'"""*x sin"x(te. 

fw- + nJ 

sin^-^x cos'"'*"^x 



H I cos'^x sin"-"^xfl^x. 

m -\- nJ 



274. I — = 1 ^-r-+(^-l)l ;;; — ) 

J cos"* a; n — m\ cos"*"'^a5 ^ J cos"»a5 / 

"" m — 1 \cos"*~^aj ^ '^ J co8"»^*aj / 

r cos"^xdx __ 008"*+^ a; m — n + 2 /•cos'^a; (fo; 

' •/ sin"a; (n — 1) sin*»"^aj w — 1 J sin'*~*aj 

__ cos*"~^a; m — 1 ^cos'^~^xdx 

(m — n) siii**""^aj m — nJ sin*ic 

_ 1 co&"»~^a; m — 1 r cos"^''^xdx 

n — 1 sin«~^a; n — lJ sin"~^x 

cos*»a5 J /tt- \ 

sin" (^2 - 05 J 

-: = log tan x. 

sin x cos a; 

278. r '^■^ =logtanf; + |)- 
•/ cos a; sin*x ° \4 2/ 



cscx. 



279. / ^ 



sin"*a; cos"a; 

1 1 m-\-n — 2 r dx 

n — 1 sin"*~^aj • cos^^^aj w — 1 J sin*"a; • cos'*~'^aj 

1 1 .w-hn — 2/* dx 



m -hn — 2 r dx 

*^~^x m — 1 J sin"»""^a; • 



280 



m — 1 sin'^-^aj-cos^'^a; m — 1 •/ sin"»""^a; • cos**aj 



/dx ^ 1 cos X m — 2 C 

sin*"a; m — 1 sin*"~^aj m — iJ 



gin»»-2^ 
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OQ1 C ^ — ^ sing n — 2 r dx 

J cos"a; n — 1 cos"~^a; n — lJ cos"~*{ 

282. j tan a; cfaj = — log cos x. [See 247.] 



■•/ 



283. I tSLDTxdx = tan x — x. 



284. j tan^acfaj = — — ^j j tan^-'acte. 



285 



. I ctn iccto = log sin x, [See 247.] 



286. I ctn^arfa; = — ctn x — x. 

/ctn^^^a; /» 
ctn^acfaj = — Tj I Gtn'^^^xdx, 

288. J sec arfaj = log tan ( t + o ) = i log ^ _ . 



smx 
sinx 



289. I sec^o^c^ = tan x. 



290. fseo'xdx = f^ = ^ ,f ^ , +!Lz|r_^ 

•/ •/ cos**a; (n — l)cos**~^a; w — 1»/ cos"^aj 

sin a; , ti — 2 /• „.o , 

(n — 1) cos" ^a 71 — 1%/ 



291. j esc a; (£« = log tan i x. 

292. j csc"a;cte = — ctn x. 
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293. \QBG''xdx = i -7—- 
J J sin"; 



dx 

X 

__ cos a; n — 2 r dx 

~~ (n — l)sin"~^a: w — iJ sin**~^a; 

cos a; n — 2r „_« , 

(n — 1) sin" *« n — lJ 

^^' / l +tia X = - tan a TT - i X). [See 241.] 

^ = ctn (iTT - ia) = tan (J TT -h Ja). 

1 — sin aj ^* 



296 



297 



/T— = tan i x» or esc x — ctn a. 
1 + cos X 

. I z = — ctn i a;, or — ctn x — esc x, 

J 1 — cos X 



/d x 2 S6C d 
■ ^ . = tan-^sec ^.tan ia; ± tan d). 
a ± 6 sin X a ^ a // 

if a > 5, and b = a sin d. 

«^^ r dx dz sec a . sin i^(aztx) 

288- I ^ - z • = — I — log f) ^y 

J a ±10 sin X cos f(xzpa) 

if ^ > a, and a = b sin a. [See 241.] 



A/v/v /^ ^ ~ 1 . , rft + a cos a;n 

800. I — T-T = — p=. sin-^ --^ 

•/ a + 6 cos X ^a^ _ ^2 I a -f o cos x\ 

1 . , r Va^ - ^2 . gin 3.-1 

sin" ^ --7 h 

a? — b^ L ^ + ^ ^os a; J 

tan-i I V^T^Tj *^^ * * J ' 



9 



og or , 

il . V 

•»• Tl I— » 

t5« 2 

f-cs or —7= 

III Va« - b^ 

til 1 ^ , rVa^-^.sinaj"! 

£.|-s or tan~^ — r— 

L b -\- a cos X J 



E-Hs 



S^ Va* - ^2 
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1 - r ^ + g COS X + V^' — g' ' sin a; "| 
8 — 0* L a + ftcosa; J 



V^ 



1 . r V5 + a+V^ — g- tan I a; "] 

* — a* L vTTa — Vft — a . tan ^ a; J 



or — ^^ 



1 . , , rV^-a^.si] 
or 



Vft« - a» 



L 6 + a cos aj J 



/dx 1 

302. f-z ; = — p=logtan(iaj + i7r). 

J sin a; 4- cos x V2 ^^ ** '^ 

/* sin a; dx __ /* cos (^ tt -- a;) (^ (|^ tt — g) 
' J a-hb cos aj •/ a + ft sin (^ tt — x) 

= — - log (a + 5 cos x). 



«^. r(a' + ^' cos x) dx b'x ■ a}h — M C 

804. I ^^ T-7 ^ — = ^ H 1 I " 

J a + 6 cos a; o h J a 



dx 



4- 5 cos X b b J a-\- b cos x 

^ {a) -\- V cos X) dx ' gft^ — a^b sin a; 
J (a 4- ft cos aj)" a? — b^ a 4- ft cos a; 

, aa^ — bV C dx _q ^.^ -, 

4- -1 — TT I —T-T [See 241.] 

or — b^ J a 4- ft cos x ^ 



r {a} •\-V cosx)dx 1 r (aft' — a^ft)sina; 



4- ft cos xy (n — 1) (a* - ft^ L(« + ^ cos aj)""^ 



4- 



/ r(a6^' - ftft^ (71 - 1) 4- (n - 2) (aft' - a'b) cos ar] (/.r "! 
(a 4- ft cos a;)**~^ J 
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r (a' + b' G0sx)dx __ (a' — b') tan ^ x 

J (1-1- cos xy " (2 7i - 1) (1 + COS a;)»-i 

dx 



n(a''\-b')-'a' r 
"*■ 2/1-1 J 



(1 -f- cos «)"""* 



— b sin aj 



S08 r ^^ ^ ^ r 

J (a -h ^ cos aj)» (n - 1) («« _ ja^ [_(« + ^> cos x)""^ 

+ (2n-3)e. r _^,^ . , -(7i-2)r ^ _^/^ .J 
^ '^ J (a 4- ft cos a:)" ' ^ "^J (a + bcosxy ^j 

^ 

309 C ^^ ^ tanja; 

J (1 + cos a;)» (2 n - 1) (1 + cos xf-^ 

+ 7r-^ fTT-T-^^-T— 1- [See 241.] 
2 71 - 1 J (1 + cos xy-^ "- -^ 

01A r (^' + ^' cos a;) cte a'b — ab'. , , , v 

810. I -^ 7 — --z-^ — r- = — ^ — TT log (a + ft cos x) 

J sin a; (a 4- ft cos x) a^ — b^ ^^ ' 

. a^ + ft\ . , a'-ft', - 

H T-rr log Sin *a; log cos *aj. 

a-hft a — ft 

A«« /• (a' -f- ft' cos a;) cte a' , , „ . ^ 

811. I -^^ ; — TT^ — - = -logtan4-a7r-ha;) 

J cos a; (a + ft cos x) a ^ ^^^ ^ 



{aV-a'b) C 
a J a 



dx 



-h ft cos X 



oto r(« +^ cosa;)<^aj i(a'=F^O . ,, , x,m . i 

812. 1^ -r- ^ = =fc ;^ ^ ^ -h ^ (a' dz ft^ log tan ^ a; 

J sin aj (1 d= cos a;) 1 d= cos x ^ ^ '^ ^ ^ 



818 



./tt^ 



dx — ctn \ X 



(1 — cos a;)" (2 n — 1) (1 — cos x") 



n — 1 



+ jTJr/ d - coL)»-^ - t«-2^i-] 
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dx 



/ dx r 



b") + b^ sin^a; 



1 , sin (g — x) 
2 o^ sin a ° sin (a + a) ' 



1 . ,/tanic\ , la 

or -T-: — ^tan~M -; — - ] , where cos a = ;; = -• 

a^ sin p \sin p/ gos fi b 

«-. r ^ J^ _^/ 5tana; Y 

* J a* cos*aj 4- ^* sin* a? ^ ab \ a J 

816. r-iiB*^=2^tan->ftanx.V^VT 
•/ a + ftcos'a; ftVa \ ^a + bj b 



t%tm C sin a; cos ajoa; 1 . , . , . « v 

^"- J «co8'x+&8in^« = 2(6^:^ ^°S(* ''"^^ + * ^^^ '')• 

318. f , ^, ''" ■ „ = f r ^'^<"7") ,.,, > 
•/ (a + 6 cos a; + c sin a;)" J \a-\-r cos (a; — a)]" 

where ^ = r cos a and c = r sin a. 



c?a; 
+ b cos aj 4- c sin x 



819. I r-; '^^^^. : [See page 61.] 

J a 



— 1 . yV b^ -^^ (^ '\- a (b cos x '\- c sin a;) "1 
■ =.sin-M . — ^^ '— 

Va* -b^-c^ LV(5M-c^(tt + ^cosa; + csinaj)J 



log 



V52 ^c^-cu 



t b^ -^ (? -\- a (b cos a; + g sin g) + V^' -^-i^—a^Q) sina;— ccosa?) "] 
V(^* + c^ (a + ^ cos X + c sin a;) J 

V^^ + c^ - g^ - c + (^> - «) tan ^x 



log 



V«»* H- c2 - g* V^» + c^ - g^ + c - (^ - g)taniaj 

Vg* - 5» - c* L Vg« -b^-c" X 



3S0. 
331. 
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1; 



dx 

a(l + C0Bx)+c 

^ 

(a [1 + cos jr] + c sin a:)* 
_ 1 r c (a sin 3! — c eos a:) 
~ c" |_a (1 + ooa x)+i; sin x 



-logCa + ctania;). 



Blog(o + etania:) 



xtanj-x. 



328. rfe_t£JliMi = 
J 1 + eoa a: 

323. Tcos X Vl — A* sin' a; dx 



= 4^ sin X Vl — 4*s 



^2A 



8iii~'(A Binx). 



324, 



/»' 



zvT^ 



xdx' 



= — ^eosaiVl — A:'sin"x -^-j— log (ft cos a: + Vl — i* ain^). 

328. J aiaa:<l-4*8ia'ar)'<ir=-icoS3!(l-ft'8in'a:)' 
+ J (1 - ft^ Jain IT Vl - ft" sio'a; dx. 

326. I - ;- = = 7Sm-'(fe8ina;), 

J Vl-ftisin'* * 

or -r log (J sina;+Vl +6'8in'a!), where6'= — ft*. 



327./ 
328./- 



sin xdx 
Vl - ft'sin'a: 

or — 7Sin~' 

tanxc£r 



jlog(4o 



i+Vl-*'sio'it), 



1 where ft* = — A? 



Vl-i'sm'a 



\/l-4" \ VI - 4"sm'» - Vl - If J 
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^ . — = — « tan ^ (i TT — aj) + 2 log COS i (i TT - aj). 
J. ~t~ sin X 

/oc dx 
' : = X ctni a IT - x) -h 2 log sin i (i •"" — x). 
JL — sm X 

/x dx 
r—, = X tan ix-\-2 log cos ^a. 
1 + cos a; ^ 

xdx 



332 



/- = — a; ctn ix + 2 log sin 4-aj. 
1 — cos X t ^ A 

Aoo /• tana;cto 1 , / Vft — a \ 

333. I , = — 7==cos~M 7^— cosa; )• 

•/ Va + fttan*a; Vb — a \ V^ / 

884. r , , /^ o = 7 a;-\/-.tan-M-\/-.tana;) . 

%/ a + 6 tan'* x a — b\^ - ^a \ ^ J A 



^^^ C tanajcte 
336. I - 

J a 



+ h tanx 



g 3 -I 5a; — a log(a 4- 5 tan a) + a log sec x \ 



336. I X sin x(^ = sin a; — a; cos x. 



I. j a; si 

. j 7? sin a;cte = 2 a; sin a; — (a* — 2) cos x, 

. j x' sin ajcte = (3 7? — 6) sin a; — (a;* — 6 a;) cos x, 

. I a;"* sin a;cfa5 = — a;*" cos x-\-m\ a;*"~^cos a;cto. 

340. I a; cos ajcfa? = cos x-\-x sin a;. 

341. j o^cosajcfaj = 2 a; cos a; + (a;* — 2) sin a;. 

342. j a;* cos xdx = (3a;* — 6) cos a; + (a;* — 6a;)sina;. 



337 



338 



339 
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343. I x^ COS xdx = x^ sin x — m\ a;*"~^sm xdx, 

-,- C^vcvx , 1 sin a; . 1 /*cos a: , 

J x^ m — 1 x^-^ m — lJx^r^ 

A^e /'cosaj , 1 cos a; 1 /'sin a; , 

340. I — -- dx= 7 • -——7 7 I -— — r dx. 

J x^ m — 1 a;*"-^ m — IJ x^-^ 

848. J?iE^^ = ,,-^ + ^_^+ ^^ 



347 



X 33! 55! 77! ' 99! 

cos X , , a? . 7^ x^ . x^ 



/cos X . , of , or 35 . 



22! ' 4-4! 6'6\ 88! 
ajefo; . a;« . 7 a;* . 31a;' . 127 a;» 



S4fi f£^^ a;» 7a;* 31a;' 127a;" 

J sina;~*"^3-3!"^3.5.5! 37-7! 359!"*" 



r xdx ^ ^ , _a^ , 5a;<^ 61^ 1385 a;^^ 
J cosx~ 2 "^4.2!"*"6.4!"^8.6!"*" 108! "*"'"' 

360. I . , = — x ctn a; + log sin x, 

J sin* a; 

351. I — r~ = ^ tan a; + log cos x. 
J cos* a; 

352. n* I a;*" sin'*a;<fo; 

= x^"^ sin**~^ a; (w sin a; — Tia; cos x) 

+ n(n — l) Cx^ sin^-^xclx — m(m — l) i a;*""* ^m^xdx, 

353. ?i* I x*»cos'»a;c2a; 

= a;*""^ cos**"^ X (m cos x-\-nx sin a;) 

+ n(n — 1) j a;"» cos"~^xflte — m(m — 1) Cx^"^ coBl^xdx. 
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864. r^ 

J sin" a; 

1 r_^ ag*"~^ (m sin a; + (n — 2) a; cos a?) 

" (n - 1) (?i - 2) L"" sin«-iaj 

866. r^ 

•/ COS" 



X 



1 r x^~^(m cos X — (n — 2)x sin a?) 

(n — 1) (w — 2) L cos"~^aj 

+(«-2/r^$-+-(— i)r^^T • 

^ ^ J cos" 'x ^ ^J COS" ^a;J 



868. J 



a; 



m 



1 r sin"~^ a; ((m — 2) sin a; + na; cos x) 

~ (m - 1) (w - 2) L a;"*-! 

„ /•sin"x(;^ . , .. /*sin"~*ar<fo;"I 



«.« /•cos"a;<fo; 



X' 



__ 1 F cos""^ a; (na; cos a; — (m — 2) cos x) 

^ {m - 1) (m - 2) L* a?"*"^ 

„ /•cos"a;c?a: . , .. /*cos"~"a;cte"| 



358. I a;Psin"'a; cos"aj(;te 



= T — ; — rz ar^""' sin"* x cos*~^a; (p cos x + (m + n)x sin a;) 
4- (n — 1) (m + 7i) j x^ sin*"a; cos"~* ajcte 
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— p(p ~ 1) I a5''~^sin"*a; cos^xdx I* 

+ (m — 1) (m 4- n) | a;'' sin'"~*a; cos" xdx 
+ np I a;^~* sin"*"^a5 cos'^'^xdx 

— p{p ■" 1) I a^~^8in"»a; cos"a;(fo5 • 

389. J sin m« sin ««,<& = ^j^.^j 2(m + «) ' 

oan T- -7 cos(m — w)aj cos(m + n)a5 §, 

360. I sin mx cos nxdx^ ^ 1 ttt — ; — r~ ' s 

J 2(m — n) 2(m +n) ^ 

««- /* , sin(m — w)a; . sin(m + w)a5 

361. I GosmxGOsnxdx=^—zr^ f — I — jr-^ — ; — r~* 

J 2(m — n) 2(m-\'n) 

362. I sin* mxdx = 7^ — (mx — sin ma; cos mx\ 

J 2m ^ ' 

363. I cos* mjxdx = -z — {mx + sin mjx cos timc). 
•/ 2m^ ' 



364. I sin mx cos mxdx = — -^ — cos 2 wa;. 
J 4m 



366. I sin nx sin"*a;cte = — ; — — cos rvx sin*"aj 
J m-\- n\_ 

+ m j cos (w — 1) a; • sin"*"^ xdx 
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866. I sin nx cos'^xdx = — ; — — 



COS nx cos^a; 



-|- m I sin (n — T)x- cos"'" ^xdx . 

367. I cos nx sitil^xdx = — ; — sin nx sin"'a: 
J. m -t n\_ 

— ml sin (n — l)x' sin"*~^ ajrfa; I . 

368. I cos nx cos* xdx = — ; — sin nx cos^'x 

4- m I cos (n — 1)X' GOS^~^xdx • 

r cos nxdx __ ^ /* cos (n — l)xdx /* cos(yi — 2)xdx 
' J cos*"aj "" J CDS'"" ^ a; J cos"* a; 

Pcos nxdx _^ ^ ^ sin(7i— l)a;c?a; , (* cos(n-'2)xdx 

8™. I — : — — — -^ J I ^-i — -- — \ — r I ^ — "^ 

J sin"* a; J sin"*~*a; J sin"* a; 

r sin nxdx __ ^ /^ cos(yt — l)a;cga; /* sin(yt — 2)xdx 

* J sin"* a: •/ sin"*~^a; * J sin"*a; 

/^ sin na;(^ _ ^ /* sin(yi— l)a;(fa; __ /* sin (n — 2)a;cfa; 

* •/ cos"*x J cos"*~^a; J cos"* a; 



9 



/^ (cos jpa; + ^ sin px) dx _ _ o • /^f^ 
* J cos Tiic •/ 1 H- «*' 

where z = cos a; + i sin x. This yields two real integrals. 

/* (cos jpa; + ^ sin jpa;) dx __ r zP-^'*~'^dz 

' •/ sin nx •/ 1 — «^" 

where « = cos x -{- i sin a;. This yields two real integrals. 
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^«. r (i cos X — sin x) dx _ C dy 

where y = ^ This yields two real integrals. 

Vcos nx 

376. I sinaa;sm6a;smca;ax = — ii ^^ r— ^— 

cos (5 + c — g) a; cos (g + 5 — c) a; cos (a -{- b + c)x \ 
b -h c — a a -h b — c a -{- b -\- c J 

ow r 2L J - rsin(a + 5 + c)a; 

377. I cos ax cos bx cos ex cfe = i i — ^ . , . — ^— 

sin (b -{- c — a)x sin (a — ^ + c) a; sin (a + ^ — g) a? 1^ 
b -{- c — a a — b -\- e ' a-\- b — c j 

orro C' 2L ^ , rcos(a + 5 + c)a; 

378. I sm aa cos6aj cos cxdx = — ii ^ . ^ . — ^-- 

_ cos {b -^ c — d)x cos (g + 5 — c) a; cos (g + c — ^) a? \ 
b -^ c — a a-\-b — G a -\- c — b J 



orro r • z. • ^ . rsin(g + 5 — c)aj 

379. I cos ga; sin bx sin ca;gaj = ii ^^ — —z ^— 

J Lg + o — c 

, sin (a — b -\- c)x sin (a -j- b -j- c)x sin (b -t c — a)x \ 
a — b -\- c a -{- b -{- c b -h c — a J 

. j sin~^a;cfa5 = x sin~^a; + Vl — x\ 

. j cos~^a;cto = x cos~*a; — Vl — x*. 

. j tan~'a!<fa! = «tan~'a5 — ^log(l +«*). 

, I ctn~^xdx = X ctn~'a; + i log(l + x*). 



380 



381 



382 
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884. j secr^xdx = x sec~^a5 — log(x + Va' — 1). 

. j csc~*a5efe = a: csc"^a5 + log(x + V«* — 1). 

. j versin"^ xdx = (x — 1) versin"^ a; + V2 a; — 05*. 

. j (sin~^a;)*cfa5 = a;(sin"^aj)' — 2x + 2Vl — «* sm"^aj. 



886 



886 



888. j (cos~^ a;)*cte = x (co8~^ a;)* — 2 a; — 2 Vl — x^ cos~^ a;, 

889. j*x siTT-^xdx = i[(2aj« - l)sin-ix + ajVl-aj»]. 

890. Cx cos-^xdx = i[(2aj* - l)cos-^a; - a;Vl-x*]. 

891. Ja; tan-^ajrfa; = i[(a^ + l)tan-^aj - aj]. 

892. J aj ctn->ajcte = i[(x^ + l)ctii-^aj + aj]. 
898. j aj 8ec"^a;cfa5 = ^[a;* sec^aj — Vaj* — 1]. 
894. J aj csc~^a:cfaj = i[«* csc~^a; +Va;' — 1]. 

896. r«»8in->aj(^i» = --VTra^+'sin-ia:- f-?^^^ 
396. fx" cos-»xda! = -i- (af+^ cos-'x + f-^^i^Y 
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897. fa^t3Ji-^xdx = -^—(x^-^^ta,n'^x-f^^^^^ 

898. raj«ctn-iaeZx = --^fa«+ictn-»a;H- f^^^^^ 
J w + 1\ J \ +7r J 

AAn rsin- ^xdx . /I — Vl — x^\ sin-? x 
8®»-J-^5— = log(^ ^ J —■ 

401. Ce'^dx = — • J/(«"^) ^a: =J^^^^' y = e^. 



aje«*(^ = — (oaj - 1). 

(i^ aJ 

404. I — «?« = 7 --ir-i + « I --;7^ r 

•/ ^ log a J -^ ^ ^ J b'\oga-y /' 

J log a '(log a)* (log a)' 



n(n-l)(n-2)' - '2.1a* 
"^ (loga)»+i 



C a^dx __ 1 r j£_ g^'logg 

J a^ "" ^T^ L ^^^ "^ (w — 2)a;»-« 



a^.(log a)^ ^ _^ 



(w-2)(n-3)a^-» ( 



(logg)"-^ /* g.«<fa "] 

ii/vA r«*«^ 1 .1 . (a; log a)* , (ajlogaV . 



54 TRANSCENDENTAL FUNCTIONS. 



*~-/rf?-'»^ - 



+ e* ^l + 6r" 



411. r_^_^=_i_t^^^ 

412. f ..-^ = -^nog(Va + 56"^-V^) 

- log(Va4-^e"^+V^)L or ^ tan- ^ ^^^^^^^ 

^V— a V— a 

x(fdx e^ r n+i _ e*"" 



•/ (1 + aj)-* 1 4- 33 »/ a ( 

414. I e"^ sm pxdx = — ^^ ^ f ^—^^ 

A'iK C nrr 7 s'^ (a COS vx -{- v slii px) 

415. I e"^ cos »a; dx = — ^^ \ f ^-^ . 



71 + 1) 



_ e°* log a; _ 1 C e^dx 



416. re-logre«fo, = 2^^1i^-ip 
J a aJ x 



417. I e"^sin*a;cte = -j— — ^f sin a; (a sin x — 2 cos a;) + - ]• 
e°^ cos" a; c^aj = ^ ( cos a (2 sin a? + a cos a;) + - )• 

419. I e*" sin"^ajc^ = ~TTr~n^\ (^ ^^^ *^ 

— nb cos^a;)e"*8in**~^te + n(7i — 1)^^ j e*»*sin"-*5a5-(fo5 ] 
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420. I e*" COS" bxdx = -r— — jr^ ( (a cos bx 

+'n^ sinftaj)e**cos"""^fta; + w(n — 1)6* j e"^ cos"" -^bxdx j 



421. C&^tSLn''xdx 



n — 1 n — \J J 



422. re***ctn»aj(3te 
e«*ctii"-~^x 



w-1 



H ^-rr je"* ctn»-^» c?a; — j e"*ctii"-*aj(3te. 



AOQ C^ ^ ox ^ ^^^ a + (^ — 2) cos X 

* J sin" X (n — l)(n — 2) sin**""^ x 

g' 4- (yt - 2)^ r e°^cfa; 
(w-l)(n-2)J siii«-«aj* 

AOA C ^^ _ oi g cos a; — (?i — 2) sin x 

* J cos"ic (n — \)(n — 2)cos"~^» 

g^ + (n - 2)^ r e*^ob 
(?i — 1) (?i — 2)%/ cos"""' a; 

426. I e"*sin"»ajco8"aj(3te 



■/ 

= •: — ; — TT": — \ \ ^ sin**" x cos"~^ x (a cos x-\-(m + n) sin x) 
(m 4- w)' -f g L ^ 



go* ginm-i aj cos*""^ xcte 



— ma I 

+ (?i — 1) (m 4- w) I e*" sin"* a; cos"" * ajc^ I 
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= 7 — ; — T¥~; — o 'S ^ sin*"^ x cos" a;(a sin a; — (w + w) cosx) 
(w + w) M- a L ^ 

'\-nai e*^8in'"~^a;cos"~^a;(3te 

4- (m — 1) (m + w) I e^ siii"»"~' x cos" aicte l 

= "; — ; — ^^T": — \ \ f^"* cos"~^ x sin"»~^ic (a sinx cos a; 4- n sin' a; 
(m 4- w)* 4- a I 

— mcos'a;)]4-w(w — 1) ( e^^sin^^ajcos'-'aidte 
■\'m{m — V) i e^ sin"*"~' x cos^xdx > 

= •; — ; — ;^— ; — z'\ \^ sin"*""^ar cos"~^aj (a sinaj cosaj 4- n sin^a; 
(m 4- w)' 4- a L 

— m cos' x)] 4-^(^ — 1) I e*'sin"»""'ajcos""~'a;dte 
4- (m — n) (m 4- w — 1) I e"* sin"*~'a; cos" xdx V 

= T — : — z:r-. — 1\ r«"*8in"*"'^a;cos"~^x(asinajcosa:4-wsin*a; 
(m 4- w)* 4- a I 

— mcos'a;)]4-wi(m — 1) j 'e°*sin"»~*xcos"~*aj(fo; 

— (m — w) (m 4- w — 1) ) e*** sin"* a: cos""^ xdx V . 

426. I log xdx^x log X ^ X, 

427. /^ log x«to = X"- [i^ - ^^] . 

428. I (log xydx = x (log x)" — w j (log aj)""^ efoj. 

429. Caf" (log x)" (to = ^^ (^Qg^y ^ fa-m (log a;)— » rfaj. 

•/ w 4" 1 7w»4"l*^ 
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'J X n-\-l 

432 r dx ^ X I ^ f ^ 



(log aj)** (w — 1) (log x)""^ w — U (log aj)*"^ 

J (log aj)» " ~ (7i-l)(logaj)»-^ n-lJ (logx)«-^* 
M4. J ^— =J—dy^ ^^ere y = - (m + l)log ». 

435. r_^__w/ioex^ and A"~^^'^ -^ . 

J a; log X - ^°^ ^-^''^ *^' ^"'^ J X (log x)- ~ (log a;)-! 

436. riog(a» + a;«)rfx = a; • log(a* + a;*^ - 2x + 2a- tan-i T- j 
487. I (a + ^a;)"* log atfo; 

438. J a?"* log (a + ftx) c^a; 

439. r iog(« + M<fa 
' ^ a; 

, , ^hx l(hx\*l(bx\ 

= loga.logx + --^(^-j +3i(^-; -••• 
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' J (a 



logxdx 



(a 4- bx)'^ 

— 1 r logo; /• dx *1 

442. f(a+bx)logxdx=^^!-^y^logx-^^-ax-ibx\ 

443. rloga^efe 



= - (log X — 2) Va + bx -\-Va log( Va + bx 4- Va) 
— Va log(Va 4- 6x — Va) , if a>0 

= I Ulogjr - 2)Va + 6aj4-2V^ tan-^^^-^T if a<0. 

444. j sin log ajc?x = -J x [sin log x — cos log aj]. 

446. I cos log xdx = ^x [sin log aj 4- cos log a]. 

446. I sinh xdx = cosh x. 

447. I cosh xdx = sinh a;. 

448. I tanh xdx = log cosh x, 

449. J ctnh xdx = log sinh a;. 
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460. j sech xdx = 2 tan~^ e*. 

§ 

461. I csch xdx = log tanh - • 

462. I sinh^ajcto = - sinh^'^x • cosh x I sinh^^* xdx 

J n n J 

sinh"+^x coshx -r — — j sinh^+'xcfaj. 



W + 1 71 4- 



/l n — L C 

n n J 

1 . , . w-f 2 



8inha:cosh" + *a; H — r I C08h*+*a;dte. 

w + I./ 



n 4- 1 w + 

464. I ar sinh arcto = a: cosh x — sinh a:. 

466. I a: cosh xdx = x sinh a: -^ cosh a?. 

466. I aj' sinh a:efo; = (a:* + 2) cosh x — 2x sinh a?. 

467. j a:" sinh a:ete = a:" cosh aj — wx""^ sinh x 

+ n(n — l) j a:*""' sinh xdx, 

468. j sinh* xdx = i (sinh aj cosh aj — x), 

469. j sinh x • cosh xdx = ^ cosh (2 aj). 

460. I cosh^ xdx = i (sinh aj cosh x 4- a:) 

461. I tanh'ajcte = x — tanh a;. 
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462. I ctnh^adte = x — ctnh x. 

463. I sech^xdx = tanh a;. 

464. Ccsch^xdx = — ctnh x. 

466. j sinh"^ xd^ = x sinh"^ x — Vl + a;^. 

. j cosh~^ ojc^o: = a: cosli"^ x — Vaj^ — 1. 



466 



467. j tanh""^ xdx = x tanh"^ a; 4- -J log (1 — a*). 

468. fa; sinh" ^xdx = il(2x*-\-l) sinh" ^ a; - x Vl + aj«]. 

469. Ta; cosh-^ xdx = J[(2 a;* - l)co8h-^ x - a; Vaj^ - 1]. 

470. C — 

* J cosh a + cosh x 

= csch a [log cosh |- (x + a) — log cosh i(x — a)], 
= 2 csch a • tanh""^ (tanh -J- x • tanh |- a). 

; — = 2 CSC a • tan" Vtanh laj • tan i a). 

cos a •+■ cosh X \ -» * / 

T-- ; — = 2 CSC a • tanh"^ (tanh ^ x • tan -J^ a). 

1 + COS a • cosh X \ -e * / 

478. j sinh a; • cos xdx = i (cosh x • cos x -\- sinh x • sin x). 
474. j cosh X ' cos xdx = ^ (sinh x • cos x + cosh x • sin x). 
476. I sinh x • sin xdx = ^ (cosh x • sin x — sinh x • cos x). 
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476. j cosh X • sin xdx = i (sinh x • sin x — cosh x • cos x). 

477. j sinh (iiia;) sinh (nx) dx 

= 2_ 2 ^ ^^^^ (^^) ^os^ (^^) "~ ^ ^^8^ (^ sinh (mx) • 

478. j cosh (mx) sinh (twc) cfe 

= 2_ a ^ s^^^ (^^) sinli (^'Mc) — w cosh (nx) cosh (twoj) • 

479. I cosh (ilia;) cosh (naj) c?a; 

= a _ a w sinh (ma;) cosh (nx) — n sinh (nx) cosh (twoj) • 

dx r e^(tana;) 

a cos^ X -\- c sin x • cos a: -f- ^ sin* x J a -\- c tan a; -f 6 tan* x 

/ (I + y/i cos X -\-n sin a;) fl?g _ r (m cos 8 + n sin 8) cos g ♦ dz 
a -^ b cos aj + c sin x J Z 

, ri'dz /* (m sin 8 — n cos 8) sin z • rf« 

+J ^~-J z ' 

where h = q- cos 8, c = g' • sin 8, « = a; — 8, Z=a + 2'- cos «. 

/. . . N . / . 7x T rSee 303 and 304.1 

sin (mx -f a) • sin (twc + ft) rfx •- -^ 

__ sin [yy?a; — nx ■\- a — U] sin [yyia: + ^a^ + ^^ + ^] ^ 
"" 2(m-n) ."" 2(m + w) 

I cos (mx + a) • cos (nx -\- b) dx 

_ sin [mx + wa; 4- ^ + ^] , sin [^mx — nx -\- a — b"] 
"" 2(m + w) 2(m-n) 

I sin (ma: + a) • cos (waj -f b) dx 

__ cos [ma; + nx -\- a -\- b"] cos [ma; ^nx-\- a — b"] 
*" " 2 (m + n) "" 2 (m — w) 
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VL MISCmiiANEOnS DEFnnTE INTEGRALS.* 



480. J ^^ = f' if «>0; 0,if a = 0; -|, ifa<0. 

481. J x''-^er'dx=\ log- dx = T(n). 

r(«-M) = «.r(«), if «>o.' 
r(y).r(i-y)=^,ifi>y>o. r(2) = r(i)=i. 

r(n 4-1) = w I, if n is an integer. V(z) =U(z — 1). 

r (i) = V^i^. Z(y) = Dy [log r (y)]. ^(1) = - 0.577216. 

Jo ^ '' Jo (1 + «)"»+" r(m + w) 



ir IT 



483. I sin"a;c2x= i cos^xdx 
*/o •/o 



1'3*5 • • '(n — 1) TT .- . 
= o ^ /. — ^ ^ ^ -77' if WIS an even integer. 
2*4'6 • • '(ti) 2 

2'4'6'" (7i-l) ... , , . . 

*= ^ o M ^^ ^' if w 18 an odd integer, 






( , for any value of n greater 

l + l) than-l. 

Jr* sin fthxdx TT *7r 

I = -»ifm>0; 0, ifm = 0; — 7r>ifm<0. 
a 2 2 
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* For very oomplete Hats of dcflnlto inteffralB, see Bierens de Haan, Tables ePinti- 
grates tf^nies, Ainiterdntu, 1858-04, and Nouv, Tables d*inUgrales d^niest Leyden, 
1867. 
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J^ sin aj- cos ma; f^ /> .j» ^ ^ ^ ^ 

I = 0, if m < — 1 or m7>l; 
X 



— 9 if m = — 1 or m = 1 ; -z-y if — 1 < w < 1. 
4 2 



486. r 

•/o 



*sin^a:cfe _ tt 
^2 "2 



487. J cos (aj*) dx= I sin («^ cte = i\^ • 

Xir /^ir 

sin A;aj'Sin7?Mi5efoj = j cos^a;>cosma?e2a; = 0^ 

if k is different from m, 

I sin^wa;c?a;= I Gos^mxdx = ^' 

•/o ^ 

490. I 1 . o =77-g"'^« i»>0. 

•/o 1 4- ar 2 

dQi r°° cosgcfa; _ r'^sinxdx _ & 
Vo V^ •^^ Vx ^2 

492. r*e-«'^t^aj = ;^V^. = ;i-ra). 

Jo 2 a 2 a ^^'^ . 



493. I aj»e-«*cfa; = 



_ r(n + l) _ 71 ! 



Jo *" " ^ a» + ^ a"+i 



-=^-3 . e-*" V^ 



e ''dx= „ • a>0. 

J 

496. I e-'^Vxdx^-^r-X-' 
Jo 2n ^ n 

497. C^dx = \^' a>0. 
Jo ^U ^n 
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498. r^^^—=^. 

499 C ^^ ^'^ - 

sinh (waj) • sinh {nx) dx = \ cosh (wmb) • cosh (nx) dx 

= 0, if m is different from n, 

cosh' (wMc) daj = — I sinh^ (mx) dx = —' 
502. I sinh(772a;)62x = 0. 



Xir»* 
cosh (mx) dx = 0. 

Xiri 
sinh (mx) cosh (naj) cte = 0. 

sinh (two?) cosh (wmb) dte = 0. 



Jf%«0 
e-«* cos mjcdaj = -ttz — ;' if a > 0. 
a' + m^ 



507. j ^«* sin mxdx = -r-r^^ — :;> if a > 0. 



m 



I e— ^«^co8to(fo; = -^-^; a>0. 

2a 

509. rM£di„ = _^. 
^0 1 — aj 6 
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Jo log X ° q + 1 ^ 

515. J (log xydx = (- 1)« . nl 



V 



517. J^Ylogij <fa! = »I. 

518. r , '^ = v;;. 

519. r »■» log f-Vifa = /^" ti^, . if 

521. j \og8mxdx=J log cos ajdte = — ^ • log 2. 

I aj-logsinajdte = — j7-log2. 
' Z ' 



m + l>0, w4-l>0. 



523. I log (a ± ft cos a:) aa; = TT log I 5 J* *^^' 
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Vn. ELLIPTIC INTEGRALS. 



* de r* dz 



^ ^ •^o Vl - ¥ sin* ^ •^o ViT^Vr^^^ 
where A;' < 1, x = sin ^. 

^(<^, A;) = J* Vl - k^ sin^ ^ • d0. 

^ ^ •^o (1+ n sin* ^) Vl - A;2 sin^ tf 

^ = am w, sin ^ = aj = sn w, cos ^ = Vl — «*= en w, tan ^ = tn w, 
A<^ = Vl - Aj« sin* <^ = Vl - AjV=dn w, A;« = l - A;l 

t^ = ani""^(<^, A;)=sn~^(a:, A;) = cn^^(Vl— »*, k) 

= dn-i(Vl~A;V, A;). 

^=i^(i7r, A;), ^' = i^(i7r, A;'), E=E{^ir, k), I!'=E(^iw, k^ 

, „ - 2 A;* - , ^ sin 2 0) 
If ajq = ^ and tan <^ = 



1 -f A; A; 4- cos 2 co 



524. r^^'' 

Jo Vl — 



Vl- A;*sin*^ 



= jr. 



525. J* Vl- A^^sin^^.cf^ 

=![• -(«■*' -(|i|)'f-(l^)'f--]'"^<'' 



= ^. 
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526. I ■ = — A • A — sin A cos <A ^7-^ Ar 

•'o Vl-A'sin'tf T^ ^ ^L2-2 



^2-4^ ^^2-4-6 • ^ 






where ^4 = J sin* <^ 4-^, ^6 = i siii*<^ + — 8in*<^ 4- ^;;^> 
^ H i 8in« ^ + ^ sin* * + P^ sin* * + g^g:^, etc. 

527. f VI - A* sin* . dtf = - <^ . ^ + sin ^ cos </i f^ A« 

528* P , ^ =sn-^(a;, A;) 

•^0 V(l - a^ (1 - A:*a;*) ^ ' ^^ 

= i?'(sin-^a;, A;). 0<aj<l. 

529. r , "^ =cn-Va;,A;) 

•^« V(l - ic^) (Aj'2 + T^x") ^ ^ 

= i^(co8-iaj, A;) = sn-^ ( Vl - «*, A;). < a; < 1. 



530. r-7==^=== = dn-^aj, A;) 
•^« V(l - oj^ (aj* - A;'^ ^ "^ 



= F(pr^x, k) = sn-i Q Vl - x^ A;Y < aj < 1. 



531. C , ^ =tn-Va?, A;) 

•^0 V(l + aj^ (1 + Aj«te^ ^ ^ 

= i^(taii-iaj, A;) = an" Y-T==' ^Y < a: < 1. 

\VH-a;* / 

* The next forty-two integralB are copied in order from a class-room list of Prol 
W. E. Byerly. 
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532. r , ^"^ =2sn-i(V^, A;) 

•^0 Vx (1 - a;) (1 - A;^a;) ^ ' 



= 2i?'(8in-^V^,A;). 0<a;<l. 



533. C , ^ =2cn-^(V^, A;) 

^» -y/x (1 - x) (k'^ + T^x) ^ ^ 



= 2 i^(cos-^ Vx, A;) = 2 sn"^ ( Vl -x,k). < a < 1. 



534. C , ^ =2dn-VVx, A;) 

•^« Va; (1 - «) (x - Aj'^) 



= 2i^(A-iVx,A;) = 2su-iQvi-aj,A;\o<aj<l. 

. 535. P , "^"^ =2tu-^(V^, A;) 

•^0 V(l 4- x) (1 + A;'^) 

= 2 i^(tan-i Vx, A;) = 2 ^'^'\\y^' ^)* ^ 



<a:<l. 



536. C , ^ = J:sn-Yv-Y a>^;>a:>0. 

•^0 V(a2 - x^ (6« - x^ « \^ a/ 

537. r°° , ^ = i sn-^ f^, ^Y x>a>h. 



538 ■ "^^ 



= , ^ cn-Yr' / ^ V J>a;>0. 



539. /' ^^ 



= , ^ cn-Y-> / '^ Y a;>6>0. 
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540 r"__i_ 



541. r ^ 



^0 V(a;« + Q?) {x" + ft^ 



a> p>y. 

542. r '^ 



543 



■L 



y 

' dx 



V(a; — a) (« — )8) (a — y) 



y 

545. /^. ^ 



a > » > 5. 



1, Jx \d? - h^\ ^^ 



V(» — a) (a; — )8) (x — y) 

Va-v \^«-y ^«-y/ 



544. r <fa 

'*''« V(a — a;) (x — ^) (as — y) 

Va-v \^a-^ ^«-y/ 



^ V(a — aj) (ic — j8) (a: — y) 

\^a— j3a— y ^a— y/ 



2 

= sn" 



546 



%/x 



Va — y 



V(a — aj) ()8 — aj) (x — y) 

Va-Y \^P-y a-» ^«-y/ 



>aj>v. 
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s: 






M8. /•' , " 



T"-C 






H9. f , 

550.x 



Vi^ \,v<,_i »o-,y 

o>/S>y>8. 



V(«-a)(x-«(x-y)(x 



331. 



V(<.-y)(^- 



^>V„_8 x-^' Va-r /3-8/ 



(ix 



V(a-x)(x-«(x-y){x 



2 -i/'.EFiEi , 1 ° - g y - A 

-V(a-y)(^-8)" V^»-/S'x-8' V<.-y-/3-!/ 

552 f '^ — 

, 'J' V(a-x)(x-«(:t-y)(x-S) 



o>x>fl 



v(,,-,)(^-s: 



V^f.-ysx-y Ma-y^-*; 



a>x>/: 
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553. r ^ 



* V(a -x)(l3- x) (x - y) (a; - 8) 

\^P-y a-x' ^a-y p-hj 



2 

sn" 



V(a-y)(/8-8) 

P>X>y. 

"" dx 



'^i 



y ^(a'-x)(J3-x)(x-y)(x-8) 
2 



V^/8-y aj-8 ^/a - y p-sj 



V(a-y)(^~8) 

j8>aj>y. 



555. JT' ^ 



^* V(a — aj) ()3 - a) (y - a) (a; — 8) 



2 



sn~^ 






556 



V(«-y)08-8) 

y > ic > 8. 



V(a — a) (^ - aj) (y — ic) (a? - 8) 

V^'y-8 a-aj ^'a-y )3-8y 



2 

sn" 



557 



V(a-y)(^~8) 

y>a;>8. 

J^« dx 

^ ^(a — 



V(a - a;) ()3 - aj) (y - a;) (8 - a;) 



2 

sn" 



V(a-y)(/8-8) 

8>aj. 



558. I sn ajcfe = - cosh~^ f — jrp j 

559. I en aj(fo; = - cos"^ (dn a?). 
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560. I 6nxdx = sin'^ (sn x) = am x. 

56L f-^^logf °1" 1- 

J snx ° Lcn a; + an aj J 

S62. r^ = l,iogr*l25£+iE£l. 
J cnx k' \_ en aj J 

-g« r dx _ 1^ . _i F A;^ sn a; — en a; "[ 
* J dn 05 A' LA;' sn a; + en « J 

sn^xdx = T3[« — E(Bmx, A;)]. 

565. 1 en'a;(foj = ■75[-&(am aj, A;) — k'^x^. 

566. 1 dn* ajrfa; = ^(am a?, Aj). 

567. (m + 1) Jsn"»a;cfoj = (w + 2) (1 + A;^) J sn'^+'ajcfe 

— (m + 3)A:' I 8n*»+*a;c?a; + Bn*»+^a; ena; dnas. 

568. (m + 1) k'^Ccn'^xdx = (?» + 2) (1 - 2 ^Ccn'^+^xdx 

+ (m + S)k* I en"»+*ajd!aj — en"»+^a5 snajdna?. 

569. (m + 1) k'^ C dn"^ xdx = (w + 2) (2 - A;^ fdn'^+^ajda? 

— (m + 3) j dn*"+*ajd!aj + A:*dn"*+^a;Bna;ena. 



Since sin2^ = i - 1 (1 - A;2 . sina^), 

» IT 



I -7== = -- 1 , -- I Vl-A:asma^.cW. 
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Vm. AUXIUART FORMULAa 



A. — Tbigonometbio Function's. 

570. tan a • ctn a = sin a • esc a = cos a • sec a = l, 
tan a = sin a -^ cos a, sec*a = 1 + tan' a, 
csc*a = 1+ ctn* a, sin' a + cos' a = 1. 



571. sin a = Vl — cos' a = 2 sin ^ a • cos ^ a = cos a • tan a 



1 _ tang _ / I — cos 2a _ 2tan^a 

Vl + ctn'a ~ Vl + tan'a " ^ 2 "l+tan'^a 



_ /sec' a — 1 , , ,^ V ^ t ,^ . N 

— V ^ =ctn^a- (1 — cos a) =tan^a. (1 +cosa). 

sec CL 

ei9n n ^~~9~' 1 ctn a 

572. cos a = VI — sin'a = . = = . == 

Vl -h tan' a Vl + ctn' a 

^ /I + cos 2 a 1 ~ tan' 4- a , , . , , 

.=V 2 = l+tan'ia = °^^^"-^^°^" 

= 1—2 sin'^a = 2 cos'^a — 1 = sin a* ctn a 

_ sin 2 a _ /esc' a — 1 _ ctn ^ a — tan ^ a 
2 sin a ^ esc' a ctn i a 



573. tan a = 



^ a + tan ^ a 
sin a Vl — cos' a sin 2 a 



Vl — sin' a cos a 1 + cos 2 a 



_ 1 — cos 2 a /I — cos 2"a _ 2 tan j a 
sin 2 a ~^l+eos2a 1 — tan'^a 

__ sec a 2 2 ctn ^ a 

CSC a ctn ^ a — tan ^ a ctn' ^ a — 1 
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I 


— a. 


90° ± a. 


180° ± a. 


270° ± a. 

• 


360° ± a. 


sin 


— sin a 


H- cosa 


=f sin a 


— cos a 


± sin a 


cos 


-f cos a 


T sin a 


— cos a 


db sin a 


+ cos a 


tan 


— tana 


T etna 


± tana 


T etna 


db tana 


ctn 


— ctn a 


T tana 


± etna 


=f tana 


± etna 


sec 


+ sec a 


T CSC a 


— see a 


db esc a 


+ see a 


CSC 


— CSC a 


H-sec a 


Tesea 


— see a 


± esc a 
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0° 


30°. 


46°. 


60°. 


90°. 


120°. 


136°. 


150°. 


180°. 


sin 

COB 

tan 
ctn 
sec 
esc 




1 



oo 

> 

1 

00 


iV3 
1 

V3 
V3 

2 
V3 

2 


iV2 

1 
1 

V2 
V2 


iV3 

i 

V3 

1 

V3 

2 

2 
V3 


1 


00 



00 

1 


iV3 

-i 

-V3 

1 
V3. 

-2 

2 

V3 


iV2 
-iV2 

-1 
-1 

~V2 
V2 


1 
-lV3 

1 

V3 
~V3 

2 

V3 

2 




-1 



00 

-1 

00 



576. sin ^ a = V^(l — cos a). 



577. cos ^ a = V^(l + cosa). 



578. tan^ 



a=Vr 



— COS a 1 — cos a 



sma 



+ C08 a 



sin a 



1 -h cos a 



579. sin 2 a = 2 sin a cos a. 



580. sin 3 a = 3 sin a — 4 sin' a. 



581. sin 4 a = 8 cos' a • sin a — 4 cos a sin a. 
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582. sin 5 a = 6 sin a — 20 sin* a + 16 sin* a. 

583. sin 6 a = 32 cos* a sin a — 32 cos' a sin a + 6 cos a sin a. 

584. cos 2 a = cos*a — sin^a = 1 — 2 sin^a = 2 co8*a — 1. 

585. cos 3 a = 4 cos* a — 3 cos a. 

586. cos 4 a = 8 cos* a — 8 cos* a + 1, 

587. cos 5 a = 16 cos* a — 20 cos* a + 6 cos a. 

588. cos 6 a = 32 cos* a — 48 cos* a + 18 cos* a — 1. 

2 tan a 



589. tan 2a = 



590. ctn2a = 



1 — tan* a 
ctn* a ~ 1* 



2 etna 

591. sin (a =t )8) = sin a • cos j8 ± cos a • sin fi, 

592. cos (a ± j8) = cos a • cos )8 =f sin a • sin fi. 

rAA . X r^s tan adz tan ^ 

593. tan(a=t)8) = q — ; —^' 

^ '^^1^1 tan a • tan )8 

.-. - . , r^v ctn a ' ctn i8 :t= 1 

594. ctn(ad=)8) = — 7 t-ZT^* 

^ '^^ ctn a ± ctn )3 

595. sin a ± sin j8 = 2 sin ^(a ± )8) • cos ^(a =f P)* 
JO, cos a + 008)8 = 2 cosi(a + )8) •cosi(a — jS). 

597. cos a — cos j8 = — 2 sin ^(a + P) • sin ^(a — jg). 

598. tan a d=.tan )8 = ^^ ^• 

'^ cos a • cos )8 

r^/v . , r* sin (a ± )8) 

599. ctnad=ctnfl = ±-^-^^ — r-^- 

'^ sin a . sm /8 
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^-^ sin a ± sin /8 . i / _l m 

600. ; ^ = tan i (a ± 8). 

cos a + cos p ^ \ r-/ 

^^- sin a ± sin ^ , - . .. 

601. i = — ctni(aqpj8). 

cos a — cos j8 ^ ^ 

602 s^°^ g + sin /8 _ tan j (a + jS) 
sin a — sin j8 tan i (a — )3) 

603. sin^ a - sin^ j8 = sin (a + )8) • sin (a - jg). 

604. cos^a — cos*)3 = — sin(a + )3) •8in(a — j8). 

605. cos* a — sin* )8 = cos (« + /8) • cos (a — j8). 

606. sin set = ^ i (e^ — e~^) = t sinh a. 

607. cos ic* = i (e^ + e~^) = cosh a. 

608. tan xi = -^— ; -r- = ^ tanh a;. 

609. e*+>^ = e*cosy + te*siny. 

610. a*+*^ = a* cos (y • log a) + ia* sin (y • log a). 

611. (cos $±i' sin ^)" = cos nO±{- sin /id. 

612. siniB = -it(e^-e-*^. 

613. cosaj = i(e*'+e-*»). 

614. tanaj = -*^;5— J- 

615. sin (x±:y%) = sin a; cos yi d= cos x sin yt 

= sin X cosh y ifc ^ cos x sinh y. 

616. cos (a5 =b yt) = cos a? cos yi q= sin a; sin yi 

= cos a? cosh y^i sin a; sinh y. 
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617. 



In any plane triangle, 
a b c 



sin A sin B sin C 

618. a« = 6« + c^-26ccos A 

fiio ^ + ^ _ sin ^ + sin ^ _ tan ^{A -\' B) _ ctn^ C 
a — h^ sin A — sm B~ tan ^(-i — ^) """ tan }^{A — B) 



620. sini^=^^5 — ^^ — ^, wliere25 = a + 6 + c. 



621. cosi^=^\P^^. 



622. tan^^ 



^ « (« — a) 



fi. 



623. Area = ^ 6c sin -4 = V«(« — a) (« — 6) (« — c). 



In any spherical triangle, 

-»-. . sin ^ sin B sin (7 

624. -: = — : — r = "-^ 

sm a sm 6 sin c 

625. cos a = cos b cos c + sin b sin c cos A. 

626. — cos -4 = cos B cos (7 — sin ^ sin C cos a. 

627. sin a ctn 6 = sin C ctn B + cos a cos (7. 

/»<«A , ^ /sin s ' sin Cs — a) 

628. cosi^ = \/ . , \ ^• 

^ sm b ' sin c 



629. ,u,iA = yl^^^^^^^' 

* ' sm f) . sin rt 



630. tani^ = J^E5ElL^^. 
^ ^ Sin « • Sin (s — a) 
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fio^ , /cos (S-B)^ COS (8 - C) 

631. Goaia = \ — ^^ — : — 4 . \ ^• 

^ ^ sin ^ . sin C 



aoo • 1 ^ /— cos aS . COST 6f — ^) 

632. sinia = -\/ : — ^ .^ ^ ^. 

^ ^ sin ^ sin (7 



633. tani« = JIHp5^£ii^E^. 

^ ^cos (S—B)' COS (/S — (7) 

2« = a + 6 + c. 2/S = ^ + ^ + a 

634. cosi(^ + ^) = 55?i^^sinia 

^ ' cos ie ' 

635. cos i M - ^) = "° t ^'', "*" ^^ sin ^ C 

^ ' sm Jo 

636. sin i (.4 + .g) = °°^ ^ ^'^ ~ ^^ cos J C. 

COS ■J" c 

637. sin UA-B) = ^'° ^ '^'^ ~ ^^ cos J C. 

638. tani(^ + 5) = 22!iI±Z-gctniC. 

'^ ' cosJ(a + o) •• 

639. tan J(^ - ^) = ^!" t/TS otniC 

" ^ -^ sm 4^ (a + 6) ' 

640. tani(a + 6) = 22iil|^tani.. 

641. tani(a-J) = i|i^tanic. 

g^ COS |(g + ^) ^ ctn ^ C 

cos ^ (a — 6) tan^(^ fJ?) 
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In interpreting equations which involve logarithmic and 
anti-trigonometric functions, it is necessary to remember that 
these functions are multiple valued. To save space the 
formulas on this page and the next are printed in con- 
tracted form. 



643. sin~^ 05 = cos~^ Vl — 7? = tan"" 



X 



= sec~^ 



VT^ Vl^ 



rii = 2sin~^[i-i^^:^:^]* 



CSC 

X 



X 



= isin-^(2a; vT^=^ = 2tan-^ \^ — — — ^1 

= **^'' L 1^2;^ J=iTr-cos-^ 
= ^ TT — sin~^ Vl —7? = — sin~* (— «) 

= ctn-i i^^^' =(2n+i)Tr-t log (»+ V^?^ 

X 

= iTT + i sin~i(2a;« - 1) = icos-'(l - 2a;«). 



vT-aj- 



644. cos~^a; = sin^^ Vl — a* = tan"^ = sec"'^- 

X X 



= -J-TT — sin^^a = 2 cos""^'Y — o — 
= icos-i(2aj«-l) 



= csc~* , = 9r — co8~*('— ») 



= ctn-i ^ 



vr=^ 



= t log(a! + Vx* — 1) = TT — t log(Va;*— 1 — a;). 
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X ' 
= C8C ^ = \ COS^ T-T ; 

= 2008 M , =28m^H , 

= — tan"^ c + tan~^ :j— — I = — tan-^ (— x) 
- . - 1 — xi , . , i + x 

itlogj3^.- 

646. 8in-"^ a; d= 8in-"^ y = 8in~^ [a? Vl — y" =t y Vl — «*]. 

647. C08- ^ a; d= co8- ^ y = cos" ^ [xy ip V(l - a;^ (1 — 2/*)]. 

649. 8in-i a; ih 008"^ y = Bva-^[xy ± V(l - a;^) (1 - y^] 

= C08"'* [y Vl —x^ =F a; Vl — y*]. 

650. taii-ia;±ctii-iy = taii-T52^^1 = ctn-^r-2^1 

651. log (a? + yt) = i log (a;« + y«) + * tan"^ (y /a;). 
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B. — Hypbbbolig Functions. 

652. sinh «.= J(e* — e~') = — sinli(— a?) = — i sin(i«) 

= (c8cha5)-^ = 2 tanh i a; -!- (1 - tanh^^a;). 

653. cosh a; = J (e* + er') = cosh (— x) = cos (ix) = (sech «)~* 

= (1 + tanh^ a;) -!- (1 - tanh'^aj). 

654. tanh a? = (e* - er') -»- (e* + er') = - tanh(- x) 

= — t tan (ix) = (ctnh x)"^ = sinh a; h- cosh x. 

655. cosh a^ = cos x. 

656. sinh xi = i sin a;. 

657. cosh* as — sinh* a? = 1. 

658. 1 — tanh'a? = sech*aj. 

659. 1 — ctnh* a; = — csch^a?. 

660. sinh (x±:y) = sinh x • cosh y d= cosh x • sinh y. 

661. cosh (x±:y)== cosh a; • cosh y ±: sinh a; • sinh y. 

662. tanh (xdiy) = (tanh a; ± tanh y)^ (1±: tanh a; • tanh y). 

663. sinh (2 a;) = 2 sinh x cosh a;. 

664. cosh (2 aj) = cosh* a; + sinh* a; = 2 cosh* a; — 1 = 1+2 sinh'a;, 

665. tanh (2 a;) = 2 tanh a; -f- (1 + tanh* x), 

666. sinh (J x) = V^ (cosh a; - 1). 

667. cosh (J x) = V^ (cosh a; + 1). 

668. tanh (J x) = (cosh a; — 1) -s- sinh x = sinh a? -«- (cosh x + 1). 

669. sinh x + sinh y = 2 sinh i(x+y)' cosh i (a; — y). 

670. sinh x — sinh y = 2 cosh i (a + y) • sinh ^ (a — y). 
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671. cosh X + cosh y = 2 cosh i (« + y) • cosh i (« — y). 

672. cosh X — cosh y = 2 sinh i (« + y) • sinh \(x — y). 

673. d sinh a; = cosh x • c2x. 

674. d cosh a; = sinh x • (^. 

675. rf tanh x = sech* « • dx. 

676. rf ctnh a; = — csch* a; •. cfoj. 

677. (f sech a; = — sech aj • tanh x • cfoj. 

678. d csch a? = — csch a; • ctnh x • cfoj. 

dx 



V»* + l 



679. sinh-»a5 = log (a; + Vaj^ + 1) = J* 

s= cosh~^ Va:* + 1. 

680. cosh- la; = log (a; + Va*-1) = J , = 

= sinh"-^ Va* — 1. 



683. sech-la; = log(i + ^5-l) = -/ 
681 c8ch-»« = log Q + A^ + l) = -/ 



» . 



x'^J\—xr 
dx 



685. rf sinh-^aj = 



686. d cosh"" 1 a; = 



a;V»* + l 






687. dtsLuh-^x^ 



688. rfctnh-^a5 = 



HYPERBOLIC FtfKCTlOKS. S8 

dx 






689. c? 8ech~^a; = -- 



690. c?csch"-^a; = — 



x^-1 
dx 






X 



VaMO[ 



If m is an integer, 

691. sinh (miri) = 0. 

692. cosh (miri) = cos mir = (— l)*". 

693. tanh (miri) = 0. 

694. sinh (x + miri) = (— l)*" sinh x, 

695. cosh (x + mirt) = (— 1)"* cosh (x). 

696. sinh(2w + l)i7ri = *sin(2w + l)iTr = =fci 

697. cosh(2m + l)i7^^ = 0. 

698. sinh l-^ ±:x] = i cosh a^ 

799. cosh ( — ±:xj=zti sinh a^ 

700. sinh u = tan gd t«. 

701. cosh t* = sec gd u, 

702. tanh u = sin gd u. 

703. tanh ^ i^ = tan ^ gdt^. 

704. w = log tan(|^7r + Jgdw). j secxc^a; = (7e?-^a;. 
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C. — Elliptic Functions. 

dz C* dO 



^^'y Jo V(l - ««) (1 - A;^««) »^o vT 



kHin^e 

where A; < 1, and x = sin <^, <^ is called the amplitude of w and 
is written am (w, mod A;), or, more simply, am w ; a; = sin <^ = snt*, 

Vl — x^ = cos <^ = en w, Vl — kV = A<^ = Anu = dnu, 

K=F(i7r, k), ir=F(i7r, A'). 
Hence, am(0)=0, sn(0) = 0, cn(0)=l, dn(0)=l, 
am (— -m) = — am u, sn (— w) = — sn w, 

en (— u) = en w, dn (— w) = dn w. 



705. sn*w + cn*w = l. 

706. dn^w + ik'sn'w = l. 

707. dn« w - Aj^ cn« w = 1 - ^2 = A". 

„^a ^ 2 sn tfc • en w . dn w 

708. sn 2 w = - 



709. cn2w = 



1 — A:* sn* w 

cn^ ^ — sn^ u ' dn' u __ 1 — 2 sn'i^ + k^ sn^u 
1 — k^ sn* w ~ 1 — Aj* sn* w 



_ 2 sn^ i^ • dn' i^ _ 2 en'i^ . 

1 — A;' sn* u 1 — k? sn* t* 

W4/V 1 r. dn' w — Aj' sn' w . en' w 1 — 2 A;'sn'w + Aj'sn*M 

710. dn 2 w = r^ — 7 = 7^ — j 

1 — A' sn* w 1 — A' sn* w 

— 1 2 A;' sn' ^ ♦ cn't^ _ 2 dn' u ^ 

~ 1 — A;' sn* u 1 — A;' sn* w 

M«« Of - 1 * en w 1 — dn w dn w — en w 

711. sn' - 



712. en' 



\2j 1 + dnw Aj'(l+cnw) A;" + dnw— A'cnw 

(w\ ^ dn w + en w _ A^ en w — Aj" + dn M 
2/ " 1 + dnw ~ Aj'(l+cnw) 

A;"(l+cni^) 
A:" + dn w — A;' en w 
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n^ , , /tf \ _ k'* -{- dn u -{- J^ cn u _ k^ (en « 4- dn « 
7W. dn^^y- l + dntt " A«(H-cn«) 



1 



k^ -\- dnu — k* CD. u 



If, moreover, v= \ , 



<£^ 



V(l - ««) (1 - A:*««) 

714. sn* u — sn* v = en* v — en' u, 

-- e V V sn t« • en «; • dn t? =fc en t« • sn t; • dn tt 

715. 8n(w±t;)= — — 

^ ' 1 — A;* sn* u • sn' v 

7115 ( -4- x _ <^^ ^ • <^^ t; ip sn tf • sn t; • dn tf • dn y 
^ '^ 1 — A:* sn* w • sn* «; 

= en w • en «; zfi sn w • sn 17 • dn (w ± v). 

--- , , . dnw-dnvip ^' sn w-sn v-cn w-en v 

717. dn(t«zti;) = :r^^=— ^ — ^ 

^ ' 1 — A;* sn' w • sn* y 



718. tn(w±i;) = 



= dn tt • dn V ifi A:* sn w • sn V • en (w ± v). 
tnw-dnvdztnv-dnw 



1 ^ tn w • tn V • dn w • dn V 



719. sn(w + i;) + sn(M — i7)=:j rs — i i-- 

^ ' ^ ' \ — k^ sn' u ' sir v 

lynA / I \ / X 2 sn v • en w • dn t« 

720. sn(w + «;)-sn(t«-i;)=:; — ^ r- 

' ^ ' 1 — «* sn* 1^ • sn* V 

•yoi /INI / N 2 en w • en t; 

721. en (w + v) + en (w — v) = 



sn* w • sn^ i; 



lyoo / • \ / N 2 sn w • sn v • dn ?/ • dn t; 

722. cn(w + v) — en(t« — «;) = — — 5 

723. dn(t« + t>)+dn(«-^)= , '^^^\^''\ • 

^ ^ ^ '^ 1 — AT sn* w • sn' v 
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„« - - , . ^ , , ^ 2k^ snusnv'Cnu'CTLV 

724. dn(u + v)— dn(u — v)= z n — i z 

725. sii{u + v)'Sn(u — v) = - r^ — i ^ 

^ ^ ^ ^ 1 — k^ sir u • sn^ v 

_ cn^ V + sn* w • dn* v -i _ J_ Fdn* i; + A^ sn* u • en* ^? ^ "I 
^ 1 — k^ sn^U'Sn^v k^\_ 1 — k^ sn^u- sn* v J 

«-.^ , . X , N en* u — sn* V -\- k^ sn^U' sn* v 

726. en (u + v)' en (t* — v) = ; — — z z 

^ ^ ^ ^ 1 — kr su* u • sn* v 

en* u + en* v i __ i ^^^ ^ * ^^^ ^ "f" ^'^^ ^ * ^^^ ^ 



1 — A:* sn* u • sn* v 1 — A;* sn* u • sn* v 

727. dn (u + v)' dn (u — v) 

__ 1 — A;* sn* u — k^ sn* i; + A:* sn* u • sn* v 

1 — A;* sn* u • sn* t; 

dn*w + dn*v 



1 — A:* sn* w • sn* V 



-1. 



--«« , ^ , . sn w • en w • dn V =b sn t; • en v • dn w 

728. sn{w±t;)cn(w=Ft;) = ji — 5 5 

^ / \ -^ / 1 — At sn*w-sn*i; 

-rt« / V -1 / N sn w • dn w • en v =b sn V • dnv • en w 

729. snmzb i;)dn (wzjit;) =— ;; 7= — = = 

^ ^ ^ ' 1 — A;* sn* u • sn* v 

«o^ , V -, , V enW'dni^-en«;-dnvzFA:'*snw-snt; 

730. en(wztv)dn(i*zFv) = 5 7^ — s i 

^ '^ v-^/ 1 — Arsn*w- sn* v 

■«A« .--. X . V -, .--1 / V -I (en t; di sn w • dn vf 

732. sn (uiy k) = i sn (u, k')/cn (u, A;'). 

733. en (ui, A;) = 1 /en (w, k'). 

734. dn (m, A;) = dn (u, k')/cn (u, W). 
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D. — Bessel's Functions. 
730. Jq (X) = 1 02 2^- 4* 2^ • 4^ • 6^ •"''*• 
736. K^(x) = Jo (a;) • log a + ^2 - 227^ + 2^-4'.ffl ' 

707 T /^\ __ ^'" V ^ / . [When n is an integer 

iOi. ^«^*^; — ^(y^^l^^2" + 2*Jk!(^^ + ^')! 8I9 may be used.T 

738. ^.(a:)=J,(a^)-logx-^^2;^ 2-^^. A;:' 

739. According as n is or is not an integer, A • Jn(x) + J5 • K^(x), 
or ^•e7^(a;) H- J5-t7_^(.T) is a particular solution of BessePs 
equation, ^^ 

740. c? Jo (x)/dx = — Jj (a:) ; e? [x" • J"„ {x)']/dx = x" • J„ _ j (a;), 

if 71 > J ; c?[a;-» • J'„(a:)]/r/a; = — a:"" • J„+i(a;), if w > — J. 

741. J^_,(x) - J,^,(x) = 2 •dJ^(x)ldx ; 
2 71 • J^(x) = X • J"„_i(a:) + X • Jn+i(x). 

When X is large it is sometimes convenient to compute 
approximate numerical values of J„ (x) by, means of the semi- 
convergent series, 



-^ a; das \ asy 



+ Qn ■ sin j '^ -^ x\\ 



743 p 1 (4>t'-l)(4n'-9) 
"~ 2!(8a;)^ 

, (4 w" - 1) (4 w^ - 9) (4 n" - 25) (4 w' - 49) 
^ 4! (8a;)* ■ 

744. o 4«'-l (4n»-l)(4,t'-9)(4n'-25) 

^**- ^'•- 8a; " 3!(8a;)» +'"- 
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E. — Sebies and Products. 

[The expression in brackets attached to an infinite series shows values 
of the variable which lie within the interval of convergence. If a series 
is convergent for all finite values of x, the expression [x^ < «] is used.] 

745. (a + &)» = a« + 7ia«-i* 

+ 2! « ^ * + • • • + (n-ky.kl -^ ' ' •• t^<« -J 

746. (.-to)-. = i[l+^-|-^ + *^V...]. [6V<«- 

747. (1 ± a;)" = 1 ± wa; + "^" ~ ^^ x' 

n(n-l)(n-2)^ (±lYnla* 

3! ^ ^ (n-kV.kl^ ' 

[x'<l.] 

748. (1 ± »)- " = 1 IF na; + ^^^til a!« 

n(nH-l)(n + 2)x'' (n + k-l)\a* ... 

^ 3! ^ ^^'' («-l)!/fc! ^ 

[x» < 1.] 

749. (l±.)* = l±ix-|^x'±|^a:' 

1 • 1 • 3 • 5 

"2-4. 6-8'"*'^'"' C*^<l-3 

1-3-5-7 

751. (l:i=.)i=l:i=i.-|^.^^|^a^ 

12. 5. 8 



369. 12 



a* ± • • •. [a^ < 1.] 
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752. (l±^)-» = l=pi^ + |^.«=pLM«^ 

14.710 ^ , 

75a (l±^«)* = l±ix«-_±^-^-^^^-^±.... 

754. (l±a^-i = l:^i:^ + |^a,^:^|^x«+.--. 

[a!»<l. 

755. (1 ± a;)-' = 1 q= a; + a:» q; a:« + a;* q; aH* H . [a!»<l. 

756. (l±^)i = l±|^+|^.«=p|lLl^ 

■ 311-3 , 311-3-5 „ . 



2-4-6-8 ■^2-4.6-810 
757. (l±a;)-J = l=F|a! + |^a^=F|^f^*»+-". [*'<1. 

75& (l±a!)-» = lq:2x + 3a!*=F4a!» + 6x*=F6a!»H . 

[** < 1. 

759. e« = l+a! + ^ + ^ + ---. [aJ<oo. 

760. a* = 1 + a; log a + ^ — ^-^ + ^ g° ^ H . [a^<oo. 

9 4 A 

761. ^(e« + e-')=l+U + |j+|j + ---. [a^<co. 

762. i(e*-0 = a; + fj + f? + f] + ---- [x'<oo. 

763. 6-»» = 1 - a^ + 1-* - IJ + ij . [aJ<«. 
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A series of numbers, Bi, B^, B^ - ' -, of odd and even 
orders, which appear in the developments of many functions, 
may be computed by means of the equations, 

2n(2n-l) 
^2n(2.-l)(2n-2)(2.-3)^^^_^_...^_^^. ^, 

_ (2.-l)(2.--2)(2.-3) ^^^_^^...^_^^,_,^. 

Whence B^ = i, ^, = 1, ^s = ^"t, B^ = 5, ^6 = ^, ^6 = 61, 
^7 = ^,Bs = 1385, ^9 = ^, B,o = 50521, ^n = ^^, ^la = 
2702765, ^18 = i, etc. The J5's of odd orders are called 
Bernoulli's Numbers ; those of even orders, Euler's Numbers. 
What are here denoted by Bzn-i and Bz^ are sometimes rep- 
resented by B^ and J^„, respectively. 



(2n)l (22«-l)7r 
B 



In M- ' 32n ' 5211 ' 72« ' I 



^_2^r 1_,^^ 1_, I 



(2n 

TfiA '^ _ 1 _ * o. :?i£! _ :^ J. :?«£! _ :?I^ a. 
"^ c«-l~-^ 2"^ 2! 4! "^ 6! 8! "^ 



[X<2 TT.] 



765. \ogx = (x -1)- i(x - ly + i{x - ly . 

[2>«>0.] 

766. logx = -^+if-^-j +i[-^) +■■•■ 
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[aj> 0.] 

768. log(l + x) = x-ia^ + ia?-ix*-\ . [.o^<l-'\ 

769. logrj3|j = 2[a; + ia5» + Ja:» + |a;' + -.-]. [sc'<l.] 



• • • 



771. log(a.+Vr+^0 = ..-— + ^^^-^^^^ 

[iB»<l.] 

Series for denary and other logaritlims can be obtained 
from the foregoing developments by aid of the equations, 

log^aj = log^aj . log^e, log^aj = log^aj • log^a, 
loge (- «) = (2 71 -h 1) iri + loge«. 



772. sinaj = aj - 1^ -h — - |y H . [aj*<QO.] 

2C* X^ X^ 

773. c6sic = l— TTT-h — — — +'*« = 1 — versinaj. [«'< oo.! 

2! 4! 6! *" ■* 

774. tana; = a;+3+ — +^j^ + 233g 

(■■Mv X. X XT Zi ifj' X 



a 3 45 945 4725 



a; (2 w) ! ^ ■" 
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-..«'*. 5a;* 61a;« , , i^a^a^* . f o^tt*"] 



«.^ 1 . aj . 7a;* , 31a;* 

777. c8ca, = - + 3J + 3-g-, + 3^ 



^ ^ (2n + 2)! ■"«»+i* ^ • L'^^T-J 

778. sin ix = x + ^ + 2:^.g+27^.^ 

-I- . . . = J TT — cos~^a;. [a;* < 1.] 

779. tan""^a; = a; — Ja;®4-Ja;*--|a;' + *-' = j7r — ctn-^a-. 

[a:«<l.] 

780. tSin-^x = '^--'h^--^,+ '". [a^>l.] 

2a;3a;'5x* ^ -^ 

--«^ , ttI 1 1-3 1-3-5 

781. sec~^« = — -;r-i — 



2 X ^x^ 2.4.5a;* 2.4.6.7a;' 

= ^TT ^ csc~^a;. [a;*>l.] 

782. log sin a; = log a; - J a;^ - yj^ a* - 3^^^ «« 

f ^2»-i^ ra;*<7rM 

783. logcosa; = — ^a;* — T^a;* — :^a;' — ^y^J^a;* 

7l(2 7i)! L * J 

784. logtana; = loga; + ia;2 + /^a;*+,ffya;« 

+ ""*"^ ^(27o! "*■ • C^<i^.] 



»,oe ^ ^ . . «* 3a;* %x^ 3a;« , 56a;^ , 
785. .-». = !+;, + _____-_ + _ + 



[«« < «.] 
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786. e~' = /l-^ + ^-^+--)- [x»<«o.] 

787. e-- = l + a; + ^ + ^ + ^V^+---.[ar»<i^.] 

788. e--' = H-x + |^ + ^ + ^ + ---. [x»<l.] 

789. «--*' = 1+ X + 1 - 1' - ll^ . [a!'<l.] 



790. siiiha! = « + || + ^ + ^+---. [«»<<».] 

791. coshx = l+jf + ^ + ^ + ^ + --: [a^<ooO 

792. tanha; = (2»-l)2»5,^-(2«-l)2*J5,|| + -- 

= S[(- l)"-»2»«(2»» - l)5,._ix»— V(2n)!]. 

[a!»<iir».] 

793. ctnh x = i (1 + S [(- 1)"-* 2»" A._i a:'"/(2 »)!])• 

794. secha! = l + 2[(-l)"^jn«*"/(2«)!]- [a^<iiH'.] 

795. csch a; = i - (2 - 1) 2 J5i J + (2» - 1) 2 jB, |y 

= i(l + 2S[(-l)"(2»"-'-l)-B,,_iX»-/(2«)!])- 

[ir» < TT*.] 

_-„ .,, .«,1'3'X* 1-3'5'a;' _ , ^^ _ 

796. Binhr^x = x-i^ + :^Tr5~2rm^"'-^'^^^-^ 



94 SERIES. 

797. tanh-^a; = x + ^ + 1* + y H . [a^< !•] 

798. ctnh-»a> = i + 3^. + g^+-.. [x'>l.] 

799. csch-^» = ^-^^ + ^^|f|^- ^^|;^^, + --. 



803. f(x + A) = /(») + A •/' (x + eh). 

804. f(x + h) =f(x) + h ./' (x) + §-'/" (a;) 



2! 
+ • •• + —,-f(x + 9h). 



ni 



805. f(x + h) =f(x) + h .f(x) + f^f'ix) 

+ ■ ■ ■ + (^^- (^ ~ ^-'-/"(x + eh). 

806. /(a; + A, y + A) =/(a;, y) + A/',(x + <?A, y 4 tfA) 

+ kf<y{x + 6h,y + ek). 

m.fix + h,y+ k) =f(x, y) + (k'-^ + *'-^) 



+ 



2!V ax» z^^'^* ax. ay ^* «y« y 



^ 
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+ 



3\y dx* ^'*** dy-dx* ^'*'^* ■dx-dy' 



■fix, y) + (hD, + kD;)f(x, y) + |j (hD^ + A-Z>,)V(a;, y) 
+ ^ (AD, + kl);)'f(x + eh,y + $k). 

'If « 



QAQ 1 4: r . TTcc 3 7ra Sttx n 

808. 1 = — sin h i sm \- i sm f- • • • • 

ttLc c ^ c J 

[0<a<c.] 

onn 2 C r . TTSC , . 2 TTX , , . 3 TTOJ "I 

809. ic = — sm * sin h i sm • • • • 

TT \_ C ^ C ^ C J 

[— c < aj < c] 

«--. c 4cr TTX , 1 Sttx , 1 57rx , "1 

810. x = - — ~r-\ cos h ^cos 1- ^cos 1 • 

[p<x<c.;\ 

. /tt* 4\ . 3 7raj tt* . 47r« 



812. a^ = --_|^cos--2i 



2 7rx , 1 Sttx 

cos h ^ cos 

c 3* , c 



1 47nc , "1 r ^ ^ T 

— jj cos !-•••• [— C < 05 < c. J 



9t SERIES AND PRODUCTS. 

813 log sin ix = — log 2 — cos a; — ^ cos 2x — i cos Sx . 

[0<x<i7r.] 

814. logcos^a; = — log2H-cosa; — ^cos2a5 + Jcos3a? . 

[0<a;<i7r.] 

815. /(«) = i ^0 + *i cos h 6j cos h • • • 

. ^ '^ c c 

I . TTX , 2irX ^ ^ -y 

H-aiSm — + a,sin 1- • • *, X — c<,x<ic,\ 

c e ^ ■■ 



where ^m = ~ I /(a) cos rfa, 

C %/— e C 

a« = 7 I /(a) sm — — (^a. 



»— [-(-:)']['-(0]['-(^)']-- 

[^<Q0.] 

— ['-(!^)'][-(l-:)■][-(^:)']•■ 

1$^ < 00.] 

2«.4^.6' ' ■ - (2m)^(2m + 2) TT 
^^^' 1«.3*.5V- • • (2m + l)2 2 

2^.4^. 6» • - ' (2m)V2m4-l) 
12.32-52- • • (2w-M)* 

819. ^n(^)=2^{l-2r2r+2)^ 



2(2 w + 2) ' 2.4(27i + 2)(27i + 4) 

_l_ . . . I. 



x^ 



2 . 4 • 6 (2 yi + 2) (2 7i + 4) (2 71 + 6) 
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P. — Debivatives. 



dx dx 

821. <^(" + »)_'^« I dv 
dx dx dx 

oAo ^(^'^^ du , dv 
o22. -V^ = V3- + w-T-' 



823. 



- /m\ du dv 
\v) "^-"^ 

dx IT 



824, df(u^ ^df(u) du 
dx du dx 



826. 


— — = na5"~\ 
ox 


827. 


dx 


828. 


da^ „ e?w , 



829. ^ = x-(l+log,x). 

830. ^^Q^«^) = 1 ^ logg ^ 

cto aj-log^a a; 

p«- d sin a? 

831. — ; — = cos X. 

dx 

Q«^ <^ cos a; 

832. — ' — = — sin x, 

dx 
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833. — - — = sec'sc. 

dx 

834. — ; — : = — csc'aj. 

ax 

P^- c? sec a . 

835. — -z = tan x • sec x. 

ax , 

P„^ rf CSC a; 

836. — -z — = — ctn a; • CSC fl^ 

dx 

837. ^^f^^ 1 

dx 

d cos~^a; 
dx 

d tan~^a5 
d^ 

d ctn""^x 
dx 

d sec~^a? 
dx 

d C8C"^a; 



838. 



839. 



840. 



841. 



842. 



Vl-x* 


• 

-1 


VI -x« 


1 


l+x» 


1 


1 + x* 


1 


xVx*— 1 


1 



(^ aVa^- t 



843. — = cosh X. 

dx 

tiAM d cosh X . , 

844. ; = sinh x, 

dx • 

846. ^^ = - csch^x. 

OX 
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0^Mam Of seen OC ^ J 1 

847. — :; = — seen x • tanh x. 

ax 

848. ; = — cseh x • etnh x. 

ax 



j^Q d sinh~ ^ x 



850. 



851. 



852. 



853. 



854. 



dx Vaj* + 1 

efeosh~*a; 1 



rftanh~^a5 1 

cto 1 — aj* 

d etnh""^ x 1 

6?aj 1 — aj* 

c?sech~^aj —1 



{]?esch""^a; —1 



^ aj Vaj^ + 1 

855. ^Sj(?^)^^f(py 

. nin — X) d^v d^~^u , , d^v 

^ 2! dx" dx^-^^ ^ (to- 

859. If f(x, y, «,•••) is a homogeneous function of the nth 
order, so that /(Aa?, Ay, X«, • • •) = X.^f(x, y, z, - * •), 



100 DEBIVATIVGS. 

d^ [*'(y)]* 

86L Mx=f{f) and y = ^(0> 

dx f{f) db? [/'(t)r 

862. If/(a;,y) = 0, 

«& dx' dy~ D,f 

863. If y =f{uj t?), u = ^(x), and t; = ^(x), 
<2x dii (2x ^ (2x 






^11? \dxj du'dv dx dx dhj \dx) 



df dSt .df d^v 
cu da? dv da? 

= «"*• i>V + 2 «'•«'. 2>^2>,/ +»«. 2>,y 

+ «".DJ'+i;"-2>,/ 

864. If /(x, y, «) = 0, D^ - - Dj'/Dj; 

- 2 A/- 1>J'- ^xZ),/+ D*f{DJ)*]/{pj)\ 
+ DJ. DJ. DJ)J+ DJ. I) J. D*f\/{D,fy. 
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865. If r= <l>(u, v), u =fi(x, y), and v =f,(x, y), 
D^V = D„<t>D^u + I>,<l>D^v, 

+ D^D, <f> (D^v . Dju, + B^t ■ Bjo) 

+ D. <^ . I)J)„u + A * • I>J>Jo, 
D* r+DJT^ DJ<f> . l(D,uy + (D,«)«] 

+ D„V.[(i),i;)«+(D,i>)»] 
+ 2 D^D^<i> ■ [2),M • Bj; + D,m • i>,t»] 

In the special case, m = r = Va;* + y*, v = $ = tan~* (y/x), 
we have Z>^ = costf = a;/ Vas'+y"; Z)^^ = sin tf = y / Va;" + y*; 

2>ja; = — r sin tf = — y ; D^y = r cos ^ = a; ; 

Dj-=x/Vi^+y^ = cos9; I>^=y / Vz*+y^ = sin9; 

DJ=-y/(x'' + y*)=-siQe/r; 

J)j9=x/(x* + y^ = (iosB/r; and 



Z>,« r+ 2>,«F= D,*F+ i D,r+ i • AT. 



866. If r= <^(m, v), m =/i(r, ^, and v =/,(r, ff), 



+ 



D/F.[(A^)« + ^] 



+ 2i)J>.F[A«.A,, + 5^] 
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867. If F= ^(m, V, w), u =fi(x, y, z), v =ft(x, y, z), and 

t 

D*V= D.T- (!),«)« + A*F. (D,«)» + Bjr- {D^w)* 
+ J), V- D*u + A r- i)> + X>„ F- 2)> 
tJ (X>^, F- i),M • D,v +.i>A F- X>.M • 2).w 
+ DA ^^- -D,» • Djuo). 

D* r+I>,'V + D,^V= DJ V- [(X>,M)« + (D^uy + (D.m)«] 

+ i)„« FCCD^w)" + (D,w)« + {D,wy\ 

+ 2 D,D. F • [D,M • i),» + D^u • I) JO + Z>.m • D.»] 

+ 2 B^B^ V- \Bj) ■ BjLV + I) JO Djm + D.v • Dju3\ 

+ 2 DA F- [D^w • D,M + Djuo ■ Bju, + D.w ■ D,m] 

+ D.F- [D> + D> + D>] 

+ D„ F- [D> + D,V + D>] 

+ D„ F- [D> + D> + D>]. 

In particular, if 

x = r sin cos ^, y = r sin sin i^, « = r cos 0, 

so that M = r' = a!* + y« + «», » = ^ = tan"* ( Vx*+y /«), 

w = ^ = tan"' (y /«)> we hare 

D^ =(ios6 = z/ Va^ + y* + «• ; 
D^ = sin tf cos ^ = a;/ Va^ + y* + «* ; 
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DrV = sin ^ sin ^ = y/ Vaj* + y* + «*; 
D^ = — r sin ^ = — V^NT^ ; 



2)^ = r cos ^ cos f^ = zx/ Va' + y* ; 

2)^y = r cos ^ sin <^ = «y/ Va;* + y* ; 

2>^« = ; 

2)^« = — r sin ^ sin <^ = — y ; 

2)^y = r sin ^ cos <^ = a; ; 

2)^r = z/r = cos ^; 

2),^ = - V^M^/r« = - sin tf/r; 

Djr = oj/r = sin B cos f^ ; 

2)^ = xz/r^ V»M^ = cos cos ^/r ; 

1>,<^ = — 3//(a;' + 2^) = — sin f^/r sin fl; 

D^r = y/r = sin ^ sin ^ ; 

Dy$ = ^y/r* Vaj* + 3/* = cos ^ sin f^/r ; 

Dy^ = «/(aj" -f y*) = cos <^/r sin tf ; 

(i),<?)« +(i),tf)> + (D.O)« = l/r'; 

(Z),r)»^+(D,F)»+(AF)' 

= (AK)..(^)%(;^,)', 
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868. If X =/i(w, v), y 






- BJt ■ DJ, 









DJ^DJi-DJ^DJ^ 



869. If X =/(«, «), and y = ^(», u), 

870. U Fj, (x, y, z, u, v) = 0, 

Ft (x, y, z, u, v) = 0, and F^ (x, y, z,u,v) = 0, 

D,F^ D,F, 



B^ 









DJ'i D^F^ D,Fi 
DJ't D^Ft Dj; 
Dj; DJF, D,F, 



87L If Fi (x, y, z) = 0, and Ft(x, y, z) = 0, 
dy dz 



^ 



If each of the quantities yi, y„ y„ • • • y,ia a function of 
the n variables Xi, Xt, Xt, ' • • x„ the determinant, 

^xiVi ^^\ I>x^\ • • • 

^xiVs I>,ili J>xJ»* • ' • 



i>^y, J>x^, -D^, • • • D^y» 



8(«, 


ai. 


a;,. ■ 


■«.) 


stoi 


y». 


y«. ■ 


■y.) 


8fe 


«i 


«.. • 


■'.•) 


8(«, 


^t, 


ic., • 


■■'.) 


a&i 


y. 


s.. ■ 


■y.) 


a(»„ «!. 


3'., ■ 


•■»0 
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is called the fitnctvmal determinant or the Jaeobian of the 
ifi with respect to the x'b and u denoted by the ezpreseion, 

872 g(y»y»y»' -■- y,) . 
■ dix^, X,, x„ ■ ■ ■ x;) 

873_ g(y..y„y..---y,) . 



If the ^3 are not all independent bnt are connected by an 
equation of the form ^(^j, y^, ya, ■ ' ■ y,) ~ 0, the Jaeobian 
of the y'a with respect to the x'a vanishes identically ; and, 
conversely, if .the Jaeobian vanishes identically, the y'& are 
connected by one or more relations of the above-mentioned 
form. 

The directional derivative of any scalar point function, u, 
at any point, P, in any fixed direction PQ\ is the limit, as 
FQ approaches zero, of the ratio of w^ — wp to PQ, where 
Q is a point on the straight line PQ' between P and Q'. The 
gradient, h„ of the function u at P is the directional deriva- 
tive of « at P taken in the direction in which w increases 
most rapidly. This direction is normal to the surface of 
constant u which passes through P. 

874. V=<i?,«)*+(^»«)' + (-0,«)*- 

The directional derivative of any scalar point function at 
any point in any given direction is evidently equal to the 
product of the gradient and the cosine of the angle between 
the given direction and that in which the function increases 
most rapidly. 



106 Miscellaneous formulas. 

The normal derivative, at any point, P, of a point function 

u, taken with respect to another point function v, is the limit 

ss PQ approaches zero of the ratio of UQ — Up to Vq — Vp, 

where Q is a point so chosen on the normal at P of the 

surface of constant v which passes through P/ that Vq — Vp 

is positive. If (m, v) denotes the angle between the directions 

in which u and v increase most rapidly, the normal derivatives 

of u with respect to v, and of v with respect to u may be 

written 

h^ cos (w, v) -J- h^j and h^ • cos (w, v) -s- h^ 

respectively. If A^ = A^, these derivatives are equal. 

G. — Miscellaneous Fobmulas. 

If « is a plane analytic closed curve, n its normal drawn 
from within outwards, and dA the element of plane area 
within 8, the usual integral transformation formulas for the 
functions u and v which, with their derivatives of the first 
order, are continuous everywhere within «, may be written — 

875. I u • cos (a, ») (fo = I I Dju ' dA. 

876. j [wcos (a;, 7i) + i;-cos(y, 7i)]tfo= I i {Pg,u + DyV)dA. 

877. Cd^u ' da = C C {D^hi -f i)» dA. 

878. ffiPx^^ • A:^ + A^ • I>yV) dA 

= Cu'D^V'ds- C Cu(J)^v-\-Dyh})dA 

= CvD^U'ds- C Cv{D^u-^Dy\)dA. 

879. C C\(p^uD^v + DyUDyV)dA= CxuD^v-ds 

-ffulD,(\^D,v)+D„(\D,v):\dA. 
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K ( and rj are two analytic functions which define a set of 
orthogonal curvilinear coordinates, and if (f, n) and (17, n) 
represent the angles between n and the directions in which 
$ and 7f, respectively, increase most rapidly. 

880. j j Af . A, . 2>, f — W<4 = j tt • cos (rj, n) ds, 

881. j j Af • A, • 2)f ( — j rf-4 = j u- cos (if n)d8, 

882. If r is the distance from a fixed point, Q, in the coordi- 
nate plane, 

j Lj — I — = 0^ ^^ or 2 TT, according as Q is without, 

on, or within s. 

If S is an analytic closed surface, n its normal drawn from 
within outwards, and dr the element of volume shut in by /S», 
the usual integral transformation formulas may be written — 

883. C Cu cos (x, n)dS= C C C D^u • «^. 

884. I I [w cos (xy n) + V cos (y, n) -\-w cos («, n)'] dS 

885. r r2>„w 'd8= CC C(DJhi + 2)y*M + DJ'u) dr. 

886. rrr(2>,w.2>,v + 2>yW.2>yV + Z>,tt.2),v)e^T 

= CCv'D^U'dS- CC Cv(DJu + D„''u + D,hi)dT. 
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887. C C C\(D^U'D^v + Dj,U'D^v-\-D^U'D^v)dT 

If f , 17, 1 are three analytic functions which define a system 
of orthogonal curvilinear coordinates, 

888. j j I h^'h^'h^'DA 7 — T- ) ^T = j j w • cos (f , n) dS. 

889. j J J ^^ • ^1, • ^^ * -^1, ( 7 — 7- ) ^^ = j ( w • cos (17, w) ei?/S. 

891. If 7' is the distance from a fixed point, Q, 

I ^jf — ^ dS = 0,2 TT, or 4 TT according as Q is without, 

on, or within S. 

Stokes's Theorem. — The line integral, taken around a 
closed curve, of the tangential component of a vector point 
function, is equal to the surface integral, taken over a surface 
bounded by the curve, of the normal component of the curl of 
the vector, the direction of integration around the curve form- 
ing a right-handed screw rotation about the normals. 

If JT, Y, Z are the components of the vector, 

892. C(Xdx + Ydy + Zdz) = C C[(D^Z - D, Y) cos (aj, n) 

-\- (DJ[ - D,Z) cos (y, n) 

+ (D^Y- D^) cos («, n)'\dS. 
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Equations 893 to 897 give Poisson'a Equation in orthogonal 
Cartesian, in cylindrical, in spherical, and in orthogonal curvi 
linear coordinates, 

893. V'r=i>,»rH-i?,'F+D,'F=-47rp. 

894. i--Z>,(»--i>^r) + ^-J)«*F+i>,»r=-twp. 

895. ain 0-I>Jt'I>,r) + ^^ 

+ i), (sin ei>fV) = ~i^pi^ sin 6. 

896. ht*I>i*V+h,*D^*r+ki*-D^V 

+ Dt V- VH + O, y- V»,j + D^ V- V"{ = - 4 vp. 

397,*,.A,.»;{D,(i|-.I..r)+I-,(A..Z.,F) 

H. — Cebtain Constants. 

IT = 3.14159 26536 89793 

log,o7r = 0.49714 98726 94134 

- = 0.31830 98861 83791 

tt" = 9.86960 44010 89359 

V^ = 1.77245 38509 05516 

logw 2 = 0.30102 99956 63981 

6 = 2.71828 18284 59045 

log,(,e = 0.43429 44819 03252 

log, 10 = 2.30258 50929 94046 

log,2 = 0.69314 71805 59946 

lo&io logio e = 9.63778 43113 00537 

1(^, IT = 1.14472 98858 49400 
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860. lix = «tt(j/), 

861. If X = /(<) and y = ^ (t), 

.^^^^ cPy _ fit). 4." (()- fit) ■<!>•({) 

862. If/(a;,y) = 0, 

dx dx' dy~ D^f 

dS, Bjf. (B^ff - 2 B^BJ. I) J. DJ+ Ay- (DJ)* 

^ (Pyf)' 

863. If y=f(u,v)y u = <l>(x), and i; = ^(aj), 
rff dfdu^dfdv , -^ \ , , -r^ ^ 






du^ \dxj du-dv dx dx S'v \dxj 



du dx* dv da? 
= w* . B^J + 2 «' . «' . B^BJ + v" . B*f 
+ u".BJ-\-v".BJ. 

864. If f(x, y, «) = 0, D^ - - BJ/BJ, 
B^z \Bif.{B^ff 

- 2 BJ. BJ. BJ)J^ I>^f(PjyM{PJ)\ 
BJ)^ = - [_BJ>J. {BJf- BJBJ. BfiJ 

+ BJ- BJ. BJ)J+ BJ. BJ. A'/] /(A/)*. 
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865. It V= <l>(u, v), u =fi(x, y), and v =fa(x, y), 

+ BJ)^ <f> (B^v ■ Bju. + B^ ■ B^v) 
+ B,<f>- BJ)^u + B^^- BJ)^v, 

BJ V+B;V^ BJ',!, ■ KB^uy + (i>,«)«] 

+ Bj^<l>.liB,vy+(B^vy;\ 

+ 2 B„B„<t> ■ [D,M • B^v + Bju, • BjS\ 
+ D«<^ ■ [i)> + 2>>] 
+ B^i, ■ [D> + 2)>]. 

In the special case, u = r = Va;* + y', v = = tan-* (y /*)» 
we have B^ = (ioa$ = x/-^x'+y^; 2),y = smtf=y/Va;*+y*; 

Bfc=—rsin$=—y; Bfy = r coa$ — x; 

Bj- = «/ Va;»+y* = cos tf ; B^r=y / y/^*+^ = sin 6; 

Bj9=x/(x'' + y') = cose/r; and 

866. If F= <^(m, d), m =/i(r, ^, and v =f,(r, ff), 
2),«r+ i.i),F+ i. A^F= Bjr. [(!),«)» + ^^'] 

+ 2BJ)„v[B^u.B^v + ^^y 



i 
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+ A r [i>> + i . A" + ^ •■»»'«'] • 
867. If F= ^(m, V, w), u =fi(x, y, z), v =f»(x, y, z), and 

D.»r= D,w- ip^uf + D,w. (Dj>y + Djr- {d,w)* 

-tj (X>„Z>„ V- D,« . D^v + D,D„ V- D^u ■ Dju, 
+ DJ>„V • D^v ■ D^w). 

+ i)„« r[(D,M;)« + (2),M>)* + (Aw)'] 

+ 2 D,D„ r- ID^u ■ D^v + Dju, ■ Djo + 2),m • D,"] 

+ 2 A A F- [ D.v • Aw + A" • A"' + A" • Aw] 
+ 2 BJ)^ V- [Aw • A" + A*" • -Oy" + Aw • Am] 

+ AF- [A*» + A*" + A'«] 
+ A »"• [ A*'' + A'» + A*"] 
+ A F- [A*w + D*w + A'w]. 

In particular, if 

X = r sin cos ^, y = r sin sin <l>, » = r cos 0, 

so that M = r's«* + y' + «*, v = = tan-* ( Vjf* + y*/«), 

«; = ^ = tan-' (y/x), we have 

D^ = cos tf = «/ Va;' + y* + «• ; 
2)^ = sin tf cos i> = x/ V** + y* + «* ; 



Z. 
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D^y = sin ^ sin f(» = y/ Vaj«+2^H-«*; 
D^ = — f sin ^ = - VoM^ ; 
2)^ = r cos B cos <^ = ««/ Va* + y* ; 
2)^3/ = r cos ^ sin <^ = «3// V^H-V J 

D^a = — r sin ^ sin f^ = — y ; 

2)^y = r sin ^ cos <^ = a; ; 

2)^/. = «/r = cos ^; 

2),^ = - VoH^/r* = - sin tf/r; 

2)^/. = xjr = sin ^ cos ^ ; 

2>^^ = xzli^ Va* + y^ = cos ^ cos f^/r ; 

i>«<^ — — y/{^ + y^^ — sill <^ A sin fl; 
2)yr = y/r = sin ^ sin f^ ; 
D^O = ^y/r* Vaj* + y* = cos ^ sin f^/r ; 
2>j^<^ = a;/(a;^ + y^ = cos <l>/r sinO; 

(Djy -\-(D„ey + (D,&)' = i/r^i 

(D,i>y + {Dy^y + {D^^y = l /r^ sin-e 5 

{D,v)^+{D,vy+{D,vy 

= t4-3 I A(»^ • -O. n • sin « + ^?^ + 2)»(sin tf • D, F)l 



104 



DERIVATIVES. 



868. If X =/i(m, v), y 



ft(u,v), Z-- 












i> Ji • A/i - A/i • i> Ji 



869. If X =/(«, m), and y = ^(z, u), 

870. If J?*! (a;, y, z, u, v) = 0, 

Ft (x, y, z, u, v) = 0, and F, (x, y, z, u, v) = 0, 



D^ 



D,Ft D,Ft 






2)^1 D,F^ DJ'i 
DJ't DuFt D^F, 
DJ^t D,F, D^t 



87L If Fi (x, y, z) = 0, and F, (x, y, z) = 0, 

dy dz 



dx 



If each of the quantities yi, y^, yt, ' ' ' y, is a function of 
the n variables Xi, Xj, a;«, ■ ■ ■ x^ the determinant, 

^xiVl B<^\ I>^^\ ' ' ' 

-0«y» I>^i I>^y% • ' ' 



D^^y, D^, D^, ■ • • D^y, 
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is called the functional determinant or the Jacohian of the 
y's with respect to the a's and is denoted by the expression, 

8^2. ^ (yi> ya> y8> • • • yn) . a (^i, ^2, a^s, • • • ^n) ^ ^ 

a(a;i, iCa, ««, * ' ' «») a(yi, 2/2, 2^8, ' * ' y») " 



873. 



d (yi, y2, Vs, ' ' ' Vn) . d (»i, »2, ^s, ' ' ' gj 

^d(xi, x^, aJs, •••««) 

If the y's are not all independent but are connected by an 
equation of the form <^ (yi, ya? Vz^ ' ' ' Vt) = 0, the Jacobian 
of the y's with respect to the x's vanishes identically ; and, 
conversely, if Jbhe Jacobian vanishes identically, the y's are 
connected by one or more relations of the above-mentioned 
form. 

The directional derivative of any scalar point function, u, 
at any point, P, in any fixed direction PQ\ is the limit, as 
PQ approaches zero, of the ratio of Uq — Up to PQ, where 
Q is a point on the straight line PQ^ between P and Q\ The 
gradienty h^, of the function w at P is the directional deriva- 
tive of w at P taken in the direction in which u increases 
most rapidly. This direction is normal to the surface of 
constant u which passes through P. 

874. hJ=(D,uy+(D„uy + (D,uy. 

The directional derivative of any scalar point function at 
any point in any given direction is evidently equal to the 
product of the gradient and the cosine of the angle between 
the given direction and that in which the function increases 
most rapidly. 
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The normal derivative^ at any point, P, of a point function 

Uj taken with respect to another point function v, is the limit 

as P© approaches zero of the ratio of Uq — Up to v^ — Vp, 

where Q is a point so chosen on the normal at P of the 

surface of constant v which passes through P,* that Vq — Vp 

is positive. If (w, v) denotes the angle between the directions 

in which u and v increase most rapidly, the normal derivatives 

of u with respect to v, and of v with respect to u may be 

written 

h^ cos (w, v) -i- h^y and h^ • cos (w, v) -5- h^ 

respectively. If h^ = A^, these derivatives are equal. 

G. — Miscellaneous Formulas. 

If 5 is a plane analytic closed curve, n its normal drawn 
from within outwards, and dA the element of plane area 
within 5, the usual integral transformation formulas for the 
functions u and v which, with their derivatives of the first 
order, are continuous everywhere within s, may be written — 

875. I u • cos (Xf n)ds = I I D^^u • dA, 

876. I [u ' cos (Xy n)+V' cos (y, n)'] ds= I I (I)g^ + DyV)dA, 

877. Jd^u 'ds= C C(DJu + By^v) dA. 

878. r fC^xW • Jyj^ + I^yU • B^v) dA 

= CuD^V'ds- C Cu{D^v + DyH)dA 

= Cv'D^uds- C Cv{D^u-^Dy\)dA. 

879. C C\{p^U'D„v + DyU'DyV)dA= CkuD^vda 

-ffulD,(X^D,v)+D„(\^DyV)^dA 
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If ( and 7) are two analytic functions which define a set of 
orthogonal curvilinear coordinates, and if (f, n) and (17, n) 
represent the angles between n and the directions in which 
i and 7f, respectively, increase most rapidly. 

880. j j A^ . A, . D, f — ) ^-4 = j w • cos (17, n) c2». 

881. j j A^ • A^ • Z)^ f ~ j c?^ = j U' cos (f , w) ds. 

882. If 7* is the distance from a fixed point, Q, in the coordi- 
nate plane, 

j ^-^ — ^ — = 0, TT, or 2 TT, according as Q is without, 

on, or within s. 

If S is an analytic closed surface, n its normal drawn from 
within outwards, and dr the element of volume shut in by S, 
the usual integral transformation formulas may be written — 

883. r Cu cos (a;, n)dS= C C C D^u • d^. 

884. i I [w cos (a5, n) + v cos (y, w) + «; cos («, w)] dS 

885. ff^n'^ 'ds= CC C{DJu + D^u + D.^m) e^r. 

886. r Cf(Da:U . i>^v + 2>yW . D^i; + D,u • D^v) rfr 

= CCvD^U'dS- C CCv(DJu-{-DJ'u + DJhi)dT. 
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887. C C C\(p^U'D^v + DyU'DyV + D^U'D^v)dT 

If f , 17, f are three analytic functions which define a system 
of orthogonal curvilinear coGrdinates, 

888. j j j Af • A, • A^ • Z>f f 7 — T- ) ^''' = I j w • cos (f , 7i) dS. 

889. J J J ^f • ^1, • ^r ^1? ( I — T" ) ^T = j j w • cos (17, n) rf/S. 

890. ^ ^ ^h h^h^D^ \T^r'^ ^S S'^ ' ^^^ ^' ^^ ^^' 

891. If r is the distance from a fixed point, Q, 

j ^j — ^ c?/S = 0, 2 TT, or 4 TT according as Q is without, 

on, or within S, 



Stokes's Theorem. — The line integral, taken around a 
closed curve, of the tangential component of a vector point 
function, is equal to the surface integral, taken over a surface 
bounded by the curve, of the normal component of the curl of 
the vector, the direction of integration around the curve form- 
ing a right-handed screw rotation about the normals. 

If X^ F, Z are the components of the vector, 
892. C{Xdx + Ydy + Zdz)= C C[{D^Z - D,Y) cos (x, n) 

+ (2>^r- D^) cos (z, n)^dS. 
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Equations 893 to 897 give Poisson's Equation in orthogonal 
Cartesian, in cylindrical, in spherical, and in orthogonal curvi- 
linear coordinates. 

893. v2r=2>^2r+2>/r+A^r=-47rp. 

894. i .Z>,(r.i>,r) + ^.A2^+2),«F=-47rp. 

895. sine. DJt'I),r) + ^^ 

+ i), (sin tf • X>, r) = - 4 irpr* sin (9. 

896. h^* ■ Di*r + h^' ■ D^W + hi* ■ Di*V 

+ D^VV^i + D^VV*r, + Dj r- V«i; = - 4 wp. 

397..,.A,.A,{i>,(^^.2),r)+2),(4i>,»^) 



+ 



^^(4''^'^)} = -'''^ 



H. — Certain Constants. 

TT = 3.14159 26535 89793 
logio TT = 0.49714 98726 94134 

- = 0.31830 98861 83791 

TT 

TT^ = 9.86960 44010 89359 

V^ = 1.77245 38509 05516 

logio 2 = 0.30102 99956 63981 

e = 2.71828 18284 59045 

logio e = 0.43429 44819 03252 

log, 10 = 2.30258 50929 94046 

log, 2 = 0.69314 71805 59945 

logio logio e = 9.63778 43113 00537 

log^ TT = 1.14472 98858 49400 
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I. — Gknskal Fokmui«A8 of Integbatiok. 

F and f represent functions of x, and F\ /', F", /", their 
first and second derivatives with respect to x, 

898. Cf' 'f^dx==F'f- CF'f . dx. 
. C{FY 'F''dx== (F)* + y (» + 1). 
. C(aF +by'F*'dx=z (aF -f by+^/a (n + 1\ 
• f(F-\-f)-'dx =jF(F-^fy-^dx+^f{F^f)--^dx. 
. CF'/{Fy'dx = '-l/(n-l){FY-\ CF*/F'dx = logF. 
. f{F' ./- F^f^/(jr • efoj = F/f, 

904. fiF'.f- F'/yFf^dx = log (i^//). 

onii r dx __ 1 r dx 1 r dx 

' J F' {x^ - a^ ^ 2^ J i?'- (ar - a) " 2^ J i^. (x + a) 



899 



900 



901 



902 



903 



F(F ±f) JFf-J f(F ±f) 
907. f-^li = (2 V^F+J)/a. 

__g r___Fjdx a__ r dx h r dx 

'J (F + a) (F + b) ~ a - bJ F+a~ a-bJ F + 



910. f ^■'^ = f— ^ f. 



fdx 



(F+f)' J (F +/)'-' J (F+f)' 
J p^-hq^F^ pq p J q^F^—p^ 2pq ^ 



qF-^p 
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JP%^ 









916. r.^:i=sin-.rfY 

J. — Integrals Useful in the Theory op Alternating 

Currents. 

922. rsin (wt + <f>)dt = cos (o}t + <^). 

923. I cos (it}t -\- <f>) dt = - ' sin (wt + <f>). 

/I 1 
s'm^ (iDt + <l>)dt = -t - — sm2(i»}t -h <f>). 
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925. I sin (wf + <l>) - coa (<at + <f>) dt = — - sin^Qot + <f>). 

/I 1 
008^(0)^ + <^)(f« = 2 ^ + J- sin 2 (o)^ + <f>). 

927. Tsin ra)f + X) • sin (<u^ ^-fi)dt=^ ^^^ ^^J" ^^ (a)^ 

sin {int -f A) • cos {iat + /Lt) 
2 0) 

928. Jsin(<u^ + X) . cos (.t + ^)dt^ ^^n {.t + xy.^n {.t + ^) 

sin (m - X) , 
^ ^ (^0- 

929. Tcos (<i)^ + \) • cos (<i)^ + ti)dt = cos(/i- ) ^^^^ 

sin (iat + X) ■ cos {mt + X) 

2 CD 

930. fsin (mt +- X) • sin (»< + M)d< = sin \mt- nt + X - ^] 

sin [mt -\- nt -\- \ -{- fi] 
"" 2(m + n) 

931. rcos(m^ + X).cos(n^-h/.)^^ = ^^^^^l+^^^^ + ^1 

sin [mt — nt + X — fi\ 
2(m — n) 

QQo r • / ^ • x\ / a • \^^ cosTmM- n^ + X + /a] 

932. I smm^ + X)-cos(?i^+ u)a^ = *■ ^, r ^-^ 

J ^ ^ ^ Z(m-\-7i) 

cos [mt — 71^ + X — /x] 
2{m — 7i) 



J_ 
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933. I COS (u)t + X + mx) • cos (<ot + X — mx)dx 

« / . V \mx + sin mx • cos 7nx'\ 
= cos\.t + X) 1^ 2^ J 

• ox .V r^'wc — sin mx • cos mx~\ 

- «^° ("' + ^) [ 2^ J • 

m- sm(o)t+<f>)-\'n • cos(€d^+<^)= VmM-^ • sin(€D^+<^+^) 

< where tan d = n/m, 

m ' sin(€D^-|-<^)— ?i • cos(<u)t-{'<f>)=^m^+n^ • 8in(<i}t+<f>—d). 

934. re<-«'=^«>'d:^ = ^^^^^' 6^-^ =*="■>' 
J ^^ + c^ 



^-bt 



— 2 — -^ [(c ' sin c^ — ^ • cos c^) ^ t (^ • sin ct-{-C' cos c^)] 

■^^ + ^ where tan 8 = 5/c. 

935. j e''*' cos (i»}t-{'<t>)dt 

= -^ ^ [cD sin (cD^ + <^) + « • cos (cD^ + <^)] 



. COS [o)^ + <^ — tan~^(€D/a:)]. 



936. j e"^' sin (i»}t-\-<f>)dt 



e«* 



= 2 2 [a • sin (wt -{- <f>) — ID • COS (w^ + <^)] 

gal 

= . sin [<u^ + <^ - tan- X<*>A)]- 

937. r[e** . sin {u)t + <^)]V^ 

— f!^ri _ <^ • sin 2(a)^ + <^) 4- g ' cos 2(<i>^ + <f>) l 
" 4 [a a^ + a)^ J 

_ e^^* ri cos [2 <u^ + 2 <^ - tan-^(<i>/a:)] "| 
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938. jl€i^'cos(<ot-^<l>)ydt 



— ^ri 4_ <tf • sin 2 (q)^ -H <^) + g • COS 2 (o)^ -H <^) 1 
■" 4 [a"^ o^ + o)* J 

- ^ri 4. cos [2 Q)^ + 2 <^ - tan-^(a)/<r)] 1 



In the case of a direct trigonometric function of (tat •+■ <^), 
T=2 tt/cd is called the period or the cycle. The mean 
value for any whole number of periods, reckoned from any 
epoch, of sin (tat + <^), cos ((ot -f <^), or sin (w^ + <^) • cos (uit + <^), 
is zero, whereas the mean value for any whole number of half 
periods, reckoned from any epoch, of either sin^ (<ot '\- <f>) or 
cos*,(€D^ -h <^) is one half. The mean value of sin(o)^) from 
^ = to t = iT, or of COS (tot) from -JT to +ir, is 2/7r 
or 0.6366. 

The mean value, for any number of whole periods, of either 
sin(€D^-f A.) • sin(a)^+/ji) or cos(a)^-f X) • cos (0)^+ ft) is ^ • cos(X— /ji), 
while the mean value of sin(a)^+ A) • cos(a)^+/x) is ^ sin(A.— /ut). 
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INTERPOLATION. 

If values of an analytic function, /(x), are given in a table for a number 
of values of the argument x, separated from one another consecutively by 
the constant small interval, d, the differences between successive tabular 
values of the function are called first tabular differences, the differences of 
these first differences, second tabular differences, and so on. The tabular 
differences of the first, second, third, and fourth orders corresponding to 
x=a are 

Ai=/(a + «)-/(a), 

A2=/(a + 25) - 2 ./(a + 5) +/(a), 

A8=/(a + 35) - 3 -/(a + 2 8) + 3 ./(a + «) ~/(o), 

A4=/(a + 4 8) - 4 ./(a + 3«) -h 6 -/(a + 28) - 4 ./(a + «)+/(«)» 

where /(a) is any tabulated value. 

The value of the function for x = (a + A), where h = kd,ia 

f(a + h) =f(a) + A; . Ai + \, • Aa + -^^ ry • Ag 

iB I O I ' 

. k(k-l)(k-2)(k-S) 

i ^ + • -'c 

41 
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3 



6 



8 



9 



0.00 
0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.24 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.34 
0.35 
0.36 
0.37 
0.38 
0.39 
0.40 
0.41 
0.42 
0.43 
0.44 
0.45 
0.46 
0.47 
0.48 
0.49 



0.00000 
0.01128 
0.02256 
0.03384 
0.04511 
0.05637 
0.06762 
0.07886 
0.09008 
0.10128 
0.11246 
0.12362 
0.13476 
0.14587 
0.15695 
0.16800 
0.17901 
0.18999 
0.20094 
0.21184 
0.22270 
0.23352 
0.24430 
0.25502 
0.26570 
0.27633 
0.28690 
0.29742 
0.30788 
0.31828 
0.32863 
033891 
0.34913 
0.35928 
0.36936 
0.37938 
0.38933 
0.39921 
0.40901 
0.41874 
0.42839 
0.43797 
0.44747 
0.45689 
0.46623 
0.47548 
0.48466 
0.49375 
0.50275 
0.51167 



00113 
01241 
02369 
03497 
04624 
05750 
06875 
07998 
09120 
10240 
11358 
12474 
13587 
14698 
15805 
16910 
18011 
19109 
20203 
21293 
22379 
23460 
24537 
25609 
26677 
27739 
28795 
29847 
30892 
31922 
32966 
33993 
35014 
36029 
37037 
38038 
39032 
40019 
40999 
41971 
42935 
43892 
44841 
45782 
46715 
47640 
48557 
49465 
50365 
51256 



00226 
01354 
02482 
03610 
04736 
05862 
06987 
08110 
09232 
10352 
11470 
12585 
13698 
14809 
15916 
17020 
18121 
19218 
20312 
21402 
22487 
23568 
24645 
25716 
26783 
27845 
28901 
29952 
30997 
32036 
33069 
34096 
35116 
36130 
37137 
38138 
39131 
40117 
41096 
42068 
43031 
43988 
44936 
45876 
46808 
47732 
48648 
49555 
50454 
51344 



00339 
01467 
02595 
03722 
04849 
05975 
07099 
08223 
09344 
10464 
11581 
12697 
13809 
14919 
16027 
17130 
18231 
19328 
20421 
21510 
22595 
23676 
24752 
25823 
26889 
27950 
29006 
30056 
31101 
32139 
33172 
34198 
35218 
36231 
37238 
38237 
39230 
40215 
41194 
42164 
43127 
44083 
45030 
45970 
46901 
47824 
48739 
49646 
50543 
51433 



00451 
01580 
02708 
03835 
04%2 
06087 
07212 
08335 
09456 
10576 
11693 
12808 
13921 
15030 
16137 
17241 
18341 
19437 
20530 
21619 
22704 
23784 
24859 
25930 
269% 
28056 
29111 
30161 
31205 
32243 
33275 
34300 
35319 
36332 
37338 
38337 
39329 
40314 
41291 
42261 
43223 
44178 
45124 
46063 
46994 
47916 
48830 
49736 
50633 
51521 



00564 
01792 
02820 
03948 
05074 
06200 
07324 
08447 
09568 
10687 
11805 
12919 
14032 
15141 
16248 
17351 
18451 
19547 
20639 
21728 
22812 
23891 
24967 
26037 
27102 
28162 
29217 
30266 
31309 
32346 
33378 
34403 
35421 
36433 
37438 
38436 
39428 
40412 
41388 
42358 
43319 
44273 
45219 
46157 
47086 
48008 
48921 
49826 
50722 
51609 



00677 
01805 
02933 
04060 
05187 
06312 
07437 
08559 
09680 
10799 
11916 
13031 
14143 
15252 
16358 
17461 
18560 
1%56 
20748 
21836 
22920 
23999 
25074 
26144 
27208 
28268 
29322 
30370 
31413 
32450 
33480 
34505 
35523 
36534 
37538 
38536 
39526 
40510 
41486 
42454 
43415 
44368 
45313 
46250 
47179 
48100 
49012 
49916 
50811 
51698 



00790 
01918 
03046 
04173 
05299 
06425 
07549 
08671 
09792 
10911 
12028 
13142 
14254 
15363 
16468 
17571 
18670 
19766 
20857 
21945 
23028 
24107 
25181 
26250 
27314 
28373 
29427 
30475 
31517 
32553 
33583 
34607 
35624 
36635 
37638 
38635 
39625 
40608 
41583 
42550 
43510 
44463 
45407 
46343 
47271 
48191 
49103 
50006 
50900 
51786 



00903 
02031 
03159 
04286 
05412 
06537 
07661 
08784 
09904 
11023 
12139 
13253 
14365 
15473 
16579 
17681 
18780 
19875 
20966 
22053 
23136 
24214 
25288 
26357 
27421 
28479 
29532 
30579 
31621 
32656 
33686 
34709 
35725 
36735 
37738 
38735 
39724 
40705 
41680 
42647 
43606 
44557 
45501 
46436 
47364 
48283 
49193 
50096 
50989 
51874 



01016 
02144 
03271 
04398 
0^525 
06650 
07773 
08896 
10016 
11135 
12251 
13365 
14476 
15584 
16689 
17791 
18890 
19984 
21075 
22162 
23244 
24322 
25395 
26463 
27527 
28584 
29637 
30684 
31725 
32760 
33788 
34811 
35827 
36836 
37838 
38834 
39822 
40803 
41777 
42743 
43701 
44652 
45595 
46529 
47456 
48374 
49284 
50185 
51078 
51962 
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3 



6 



8 



9 



0.50 

0.51 

Oi2 

0.53 

0.54 

0.55 

0.56 

0.57 

0.58 

0.59 

0.6O 

0.61 

0.62 

0.63 

0.64 

0.65 

0.66 

0.67 

0.68 

0.69 

0.70 

0.71 

0.72 

0.73 

0.74 

0.75 

0.76 

0.77 

0.78 

0.79 

0.80 

0.81 

0.82 

0.83 

0.84 

0.85 

0.86 

0.87 

0.88 

0.89 

0.90 

0.91 

0.92 

0.93 

0.94 

0.95 

0.% 

0.97 

0.98 

0.99 



0.52050 
0.52924 
0.53790 
0.54646 
0.55494 
0.56332 
0.57162 
0.57982 
0.58792 
0.59594 
0.60386 
0.61168 
0.61941 
0.62705 
0.63459 
0.64203 
0.64938 
0.65663 
0.66378 
0.67084 
0.67780 
0.68467 
0.69143 
0.69810 
0.70468 
0.71116 
0.71754 
0.72382 
0.73001 
0.73610 
0.74210 
0.74800 
0.75381 
0.75952 
0.76514 
0.77067 
0.77610 
0.78144 
0.78669 
0.79184 
0.7%91 
0.80188 
0.80677 
0.81156 
0.81627 
0.82089 
0.82542 
0.82987 
0.83423 
0.83851 



52138 
53011 
53876 
54732 
55578 
56416 
57244 
58063 
58873 
59673 
60464 
61246 
62018 
62780 
63533 
64277 
65011 
65735 
66449 
67154 
67849 
68535 
69210 
69877 
70533 
71180 
71817 
72444 
73062 
73671 
74270 
74859 
75439 
76009 
76570 
77122 
77664 
78197 
78721 
79235 
79741 
80238 
80725 
81204 
81674 
82135 
82587 
83031 
83466 
83893 



52226 
53098 
53%2 
54817 
55662 
56499 
57326 
58144 
58953 
59753 
60543 
61323 
62095 
62856 
63608 
64351 
65083 
65807 
66520 
67224 
67918 
68603 
69278 
69943 
70598 
71244 
71880 
72507 
73124 
73731 
74329 
74917 
75496 
76066 
76626 
77176 
77718 
78250 
78773 
79286 
79791 
80287 
80773 
81251 
81720 
82180 
82632 
83075 
83509 
83935 



52313 
53185 
54048 
54902 
55746 
56582 
57409 
58226 
59034 
59832 
60621 
61401 
62171 
62932 
63683 
64424 
65156 
65878 
66591 
67294 
67987 
68671 
69344 
70009 
70663 
71308 
71943 
72569 
73185 
73791 
74388 
74976 
75553 
76122 
76681 
77231 
77771 
78302 
78824 
79337 
79841 
80336 
80822 
81299 
81767 
82226 
82677 
83119 
83552 
83977 



52401 
53272 
54134 
54987 
55830 
56665 
57491 
58307 
59114 
59912 
60700 
61478 
62248 
63007 
63757 
64498 
65229 
65950 
66662 
67364 
68056 
68738 
69411 
70075 
70728 
71372 
72006 
72631 
73246 
73851 
74447 
75034 
75611 
76178 
76736 
77285 
77825 
78355 
78876 
79388 
79891 
80385 
80870 
81346 
81813 
82271 
82721 
83162 
83595 
84020 



52488 
53358 
54219 
55071 
55914 
56748 
57573 
58388 
59194 
59991 
60778 
61556 
62324 
63083 
63832 
64572 
65301 
66022 
66732 
67433 
68125 
68806 
69478 
70140 
70793 
71436 
72069 
72693 
73307 
73911 
74506 
75092 
75668 
76234 
76792 
77340 
77878 
78408 
78928 
79439 
79941 
80434 
80918 
81393 
81859 
82317 
82766 
83206 
83638 
84061 



52576 
53445 
54305 
55156 
55998 
56831 
57655 
58469 
59274 
60070 
60856 
61633 
62400 
63158 
63906 
64645 
65374 
66093 
66803 
67503 
68193 
68874 
69545 
70206 
70858 
71500 
72132 
72755 
73368 
73971 
74565 
75150 
75725 
76291 
76847 
77394 
77932 
78460 
78979 
79489 
79990 
80482 
80966 
81440 
81905 
82362 
82810 
83250 
83681 
84103 



52663 

53531 

54390 

55241 

56082 

56914 

57737 

58550 

59354 

60149 

60934 

61710 

62477 

63233 

63981 

64718 

65446 

66165 

66873 

67572 

68262 

68941 

69611 

70272 

70922 

71563 

72195 

72816 

73429 

74031 

74624 

75208 

75782 

76347 

76902 

77448 

77985 

78512 

79031 

79540 

80040 

80531 

81013 

81487 

81951 

82407 

82855 

83293 

83723 

84145 



52750 
53617 
54476 
55325 
56165 
56996 
57818 
58631 
59434 
60228 
61012 
61787 
62553 
63309 
64055 
64791 
65519 
66236 
66944 
67642 
68330 
69009 
69678 
70337 
70987 
71627 
72257 
72878 
73489 
74091 
74683 
75266 
75839 
76403 
76957 
77502 
78038 
78565 
79082 
79590 
80090 
80580 
81061 
81534 
81997 
82452 
82899 
83337 
83766 
84187 



52837 
53704 
54561 
55410 
56249 
57079 
57900 
58712 
59514 
60307 
61090 
61864 
62629 
63384 
64129 
64865 
65591 
66307 
67014 
67711 
68398 
69076 
69744 
70403 
71051 
71690 
72320 
72940 
73550 
74151 
74742 
75323 
75896 
76459 
77012 
77556 
78091 
78617 
79133 
79641 
80139 
80628 
81109 
81580 
82043 
82497 
82943 
83380 
83808 
84229 
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TABLES. 



The Probability Integral. 



X 

1.00 
1.01 
1.02 
1.03 
1.04 
1.05 
1.06 
1.07 
1.08 
1.09 
1.10 
1.11 
1.12 
1.13 
1.14 
1.15 
1.16 
1.17 
1.18 
1.19 
1.20 
1.21 
1.22 
1.23 
1.24 
1.25 
1.26 
1.27 
1.28 
• 1.29 
1.30 
1.31 
1.32 
1.33 
1.34 
1.35 
1.36 
1.37 
1.38 
1.39 
1.40 
1.41 
1.42 
1.43 
1.44 
1.45 
1.46 
1.47 
1.48 
1.49 







6 



8 







0.84270 
0.84681 
0.85084 
0.85478 
0.85865 
0.86244 
0.86614 
0.86977 
0.87333 
0.87680 
0.88021 
0.88353 
0.88679 
0.88997 
0.89308 
0.89612 
0.89910 
0.90200 
0.90484 
0.90761 
0.91031 
0.91296 
0.91553 
0.91805 
0.92051 
0.92290 
0.92524 
0.92751 
0.92973 
0.93190 
0.93401 
0.93606 
0.93807 
0.94002 
0.94191 
0.94376 
0.94556 
0.94731 
0.94902 
0.95067 
0.95229 
0.95385 
0.95538 
0.95686 
0.95830 
0.95970 
0.96105 
0.96237 
0.96365 
0.96490 



84312 
84722 
85124 
85517 
85903 
86281 
86651 
87013 
87368 
87715 
88054 
88386 
88711 
89029 
89339 
89642 
89939 
90229 
90512 
90788 
91058 
91322 
91579 
91830 
92075 
92314 
92547 
92774 
92995 
93211 
93422 
93627 
93826 
94021 
94210 
94394 
94574 
94748 
94918 
95084 
95244 
95401 
95553 
95700 
95844 
95983 
96119 
96250 
96378 
%502 



84353 
84762 
85163 
85556 
85941 
86318 
86688 
87049 
87403 
87749 
88088 
88419 
88743 
89060 
89370 
89672 
89968 
90257 
90540 
90815 
91085 
91348 
91604 
91855 
92099 
92337 
92570 
92796 
93017 
93232 
93442 
93647 
93846 
94040 
94229 
94413 
94592 
94766 
94935 
95100 
95260 
95416 
95568 
95715 
95858 
95997 
96132 
96263 
96391 
96514 



84394 
84803 
85203 
85595 
85979 
86356 
86724 
87085 
87438 
87783 
88121 
88452 
88775 
89091 
89400 
89702 
89997 
90286 
90568 
90843 
91111 
91374 
91630 
91879 
92123 
92361 
92593 
92819 
93039 
93254 
93463 
93667 
93866 
94059 
94247 
94431 
94609 
94783 
94952 
95116 
95276 
95431 
95582 
95729 
95872 
96011 
%145 
%276 
96403 
96526 



84435 
84843 
85243 
85634 
86017 
86393 
86760 
87120 
87473 
87817 
88155 
88484 
88807 
89122 
89431 
89732 
90027 
90314 
90595 
90870 
91138 
91399 
91655 
91904 
92147 
92384 
92615 
92841 
93061 
93275 
93484 
93687 
93885 
94078 
94266 
94449 
94627 
94800 
94968 
95132 
95292 
95447 
95597 
95744 
95886 
96024 
96159 
%289 
96416 
%539 



84477 
84883 
85282 
85673 
86055 
86430 
86797 
87156 
87507 
87851 
88188 
88517 
88839 
89154 
89461 
89762 
90056 
90343 
90623 
90897 
91164 
91425 
91680 
91929 
92171 
92408 
92638 
92863 
93082 
93296 
93504 
93707 
93905 
94097 
94284 
94467 
94644 
94817 
94985 
95148 
95307 
95462 
95612 
95758 
95900 
96038 
96172 
96302 
96428 
%551 



84518 
84924 
85322 
85711 
86093 
86467 
86833 
87191 
87542 
87885 
88221 
88549 
88871 
89185 
89492 
89792 
90085 
90371 
90651 
90924 
91191 
91451 
91705 
91953 
92195 
92431 
92661 
92885 
93104 
93317 
93525 
93727 
93924 
94116 
94303 
94485 
94662 
94834 
95002 
95165 
95323 
95477 
95627 
95773 
95914 
96051 
%185 
96315 
96440 
96563 



84559 
84964 
85361 
85750 
86131 
86504 
86869 
87227 
87577 
87919 
88254 
88582 
88902 
89216 
89522 
89821 
90114 
90399 
90678 
90951 
91217 
91477 
91730 
91978 
92219 
92454 
92684 
92907 
93126 
93338 
93545 
93747 
93944 
94135 
94321 
94503 
94679 
94851 
95018 
95181 
95339 
95492 
95642 
95787 
95928 
96065 
96198 
96327 
96453 
96575 



84600 
85004 
85400 
85788 
86169 
86541 
86905 
87262 
87611 
87953 
88287 
88614 
88934 
89247 
89552 
89851 
90142 
90428 
90706 
90978 
91243 
91502 
91755 
92002 
92243 
92477 
92706 
92929 
93147 
93359 
93566 
93767 
93963 
94154 
94340 
94521 
94697 
94868 
95035 
95197 
95354 
95507 
95656 
95801 
95942 
96078 
96211 
96340 
96465 
96587 



84640 
85044 
85439 
85827 
86206 
86578 
86941 
87297 
87646 
87987 
88320 
88647 
88966 
89277 
89582 
89880 
90171 
90456 
90733 
91005 
91269 
91528 
91780 
92026 
92266 
92500 
92729 
92951 
93168 
93380 
93586 
93787 
93982 
94173 
94358 
94538 
94714 
94885 
95051 
95213 
95370 
95523 
95671 
95815 
95956 
96092 
96224 
96353 
96478 
96599 
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The Probability integral. 







6 



8 



1.50 
1.51 
1.52 
1.53 
1.54 
1.55 
1.56 
1.57 
1.58 
1.59 
1.60 
1.61 
1.62 
1.63 
1.64 
1.65 
1.66 
1.67 
1.68 
1.69 
1.70 
1.71 
1.72 
1.73 
1.74 
1.75 
1.76 
1.77 
1.78 
1.79 
1.80 
1.81 
1.82 
1.83 
1.84 
1.85 
1.86 
1.87 
1.88 
1.89 
1.90 
1.91 
1.92 
1.93 
1.94 
1.95 
1.96 
1.97 
1.98 
1.99 
2.00 



0.96611 
0.%728 
0.96841 
0.96952 
0.97059 
0.97162 
0.97263 
0.97360 
0.97455 
0.97546 
0.97635 
0.97721 
0.97804 
0.97884 
0.97962 
0.98038 
0.98110 
0.98181 
0.98249 
098315 
0.98379 
0.98441 
0.98500 
0.98558 
0.98613 
0.98667 
0.98719 
0.98769 
0.98817 
0.98864 
0.98909 
0.98952 
0.98994 
0.99035 
0.99074 
0.99111 
0.99147 
0.99182 
0.99216 
0.99248 
0.99279 
0.99309 
0.99338 
0.99366 
0.99392 
0.99418 
0.99443 
0.99466 
0.99489 
0.99511 
0.99532 



96634 
96751 
96864 
96973 
97080 
97183 
97283 
97379 
97473 
97564 
97652 
97738 
97820 
97900 
97977 
98052 
98125 
98195 
98263 
98328 
98392 
98453 
98512 
98569 
98624 
98678 
98729 
98779 
98827 
98873 
98918 
98%1 
99003 
99043 
99081 
99118 
99154 
99189 
99222 
99254 
99285 
99315 
99343 
99371 
99397 
99423 
99447 
99471 
99494 
99515 
99536 



96658 
96774 
96886 
96995 
97100 
97203 
97302 
97398 
97492 
97582 
97670 
97754 
97836 
97916 
97993 
98067 
98139 
98209 
98276 
98341 
98404 
98465 
98524 
98580 
98635 
98688 
98739 
98789 
98836 
98882 
98927 
98%9 
99011 
99050 
99089 
99126 
99161 
991% 
99229 
99261 
99291 
99321 
99349 
99376 
99403 
99428 
99452 
99476 
99498 
99520 
99540 



96681 
96796 
96908 
97016 
97121 
97223 
97322 
97417 
97510 
97600 
97687 
97771 
97852 
97931 
98008 
98082 
98153 
98222 
98289 
98354 
98416 
98477 
98535 
98591 
98646 
98699 
98749 
98798 
98846 
98891 
98935 
98978 
99019 
99058 
99096 
99133 
99168 
99202 
99235 
99267 
99297 
99326 
99355 
99382 
99408 
99433 
99457 
99480 
99502 
99524 
99544 



96705 
96819 
96930 
97037 
97142 
97243 
97341 
97436 
97528 
97617 
97704 
97787 
97868 
97947 
98023 
98096 
98167 
98236 
98302 
98366 
98429 
98489 
98546 
98602 
98657 
98709 
98759 
98808 
98855 
98900 
98944 
98986 
99027 
99066 
99104 
99140 
99175 
99209 
99242 
99273 
99303 
99332 
99360 
99387 
99413 
99438 
99462 
99485 
99507 
99528 
99548 



X 



2.00 
2.01 
2.02 
2.03 
2.04 
2.05 
2.06 
2.07 
2.08 
2.09 
2.10 
2.11 
2.12 
2.13 
2.14 
2.15 
2.16 
2.17 
2.18 
2.19 
2.20 
2.21 
2.22 
2.23 
2.24 
2.25 
2.26 
2.27 
2.28 
2.29 
2.30 
2.31 
2.32 
2.33 
2.34 
2.35 
2.36 
2.37 
2.38 
2.39 
2.40 
2.41 
2.42 
2.43 
2.44 
2.45 
2.46 
2.47 
2.48 
2.49 
2.50 







6 



8 



0.99532 
0.99552 
0.99572 
0.99591 
0.99609 
0.99626 
0.99642 
0.99658 
0.99673 
0.99688 
0.99702 
0.99715 
0.99728 
0.99741 
0.99753 
0.99764 
0.99775 
0.99785 
0.99795 
0.99805 
0.99814 
0.99822 
0.99831 
0.99839 
0.99846 
0.99854 
0.99861 
0.99867 
0.99874 
0.99880 
0.99886 
0.99891 
0.99897 
0.99902 
0.99906 
0.99911 
0.99915 
0.99920 
0.99924 
0.99928 
0.99931 
0.99935 
0.99938 
0.99941 
0.99944 
0.99947 
0.99950 
0.99952 
0.99955 
0.99957 
0.99959 



99536 
99556 
99576 
99594 
99612 
99629 
99646 
99661 
99676 
99691 
99705 
99718 
99731 
99743 
99755 
99766 
99777 
99787 
99797 
99806 
99815 
99824 
99832 
99840 
99848 
99855 
99862 
99869 
99875 
99881 
99887 
99892 
99898 
99903 
99907 
99912 
99916 
99920 
99924 
99928 
99932 
99935 
99939 
99942 
99945 
99947 
99950 
99953 
99955 
99958 
99960 



99540 
99560 
99580 
99598 
99616 
99633 
99649 
99664 
99679 
99694 
99707 
99721 
99733 
99745 
99757 
99768 
99779 
99789 
99799 
99808 
99817 
99826 
99834 
99842 
99849 
99857 
99863 
99870 
99876 
99882 
99888 
99893 
99899 
99904 
99908 
99913 
99917 
99921 
99925 
99929 
99933 
99936 
99939 
99942 
99945 
99948 
99951 
99953 
99956 
99958 
99960 



99544 
99564 
99583 
99601 
9%19 
99636 
99652 
99667 
9%82 
99697 
99710 
99723 
99736 
99748 
99759 
99770 
99781 
99791 
99801 
99810 
99819 
99827 
99836 
99843 
99851 
99858 
99865 
99871 
99877 
99883 
99889 
99894 
99900 
99905 
99909 
99914 
99918 
99922 
99926 
99930 
99933 
99937 
99940 
99943 
99946 
99949 
99951 
99954 
99956 
99958 
99961 



99548 
99568 
99587 
99605 
99622 
99639 
9%55 
99670 
99685 
99699 
99713 
99726 
99738 
99750 
99762 
99773 
99783 
99793 
99803 
99812 
99821 
99829 
99837 
99845 
99852 
99859 
99866 
99873 
99879 
99885 
99890 
99896 
99901 
99906 
99910 
99915 
99919 
99923 
99927 
99930 
99934 
99937 
99940 
99943 
99946 
99949 
99952 
99954 
99957 
99959 
99961 
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TABLES. 



The Probability Integral. 



\Virt/o 



,-a:* 



dx. 



) 



X 



2.5 
2.6 
2.7 
2.8 
2.9 
3.0 
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8 



0.99959 
0.99976 
0.99987 
0.99992 
0.99996 
0.99998 



99961 
99978 
99987 
99993 
99996 
99998 



99963 
99979 
99988 
99993 
99996 
99998 



99965 
99980 
99989 
99994 
99997 
99998 



99967 
99981 
99989 
99994 
99997 
99998 



99%9 
99982 
99990 
99994 
99997 
99998 



99971 
99983 
99991 
99995 
99997 
99998 



99972 
99984 
99991 
99995 
99997 
99998 



9997^ 
9998' 
99991 
9999J 
9999! 
9999* 



The value, /, of the Probability Integral may always be found from the oonyergi 

r 2 / ^ . ^ JT^ . \ 

but for large values of x, the semiconvergent series 



/-I 






1-3 1*3*5 



is convenient. 



2ar" (2x«)« (2a;«)» 



•) 



r' 
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Values of the Compfete Elliptic Integrals, ^ and ^, for Different 

Values of the Modulus, k. 



*1 



Jo Vl — ifc^sinSz Jo 



aisr^k 


K 


E 


fiin-ifc 


K 


E 


sin-iA; 


K 


E 


a> 


1.5708 


1.5708 


30° 


1.6858 


1.4675 


60° 


2.1565 


1.2111 


1<> 


1.5709 


1.5707 


31° 


1.6941 


1.4608 


61° 


2.1842 


1.2015 


2? 


1.5713 


1.5703 


32° 


1.7028 


1.4539 


62° 


2.2132 


1.1920 


3«» 


1.5719 


1.5697 


33° 


1.7119 


1.4469 


63° 


2.2435 


1.1826 


4<> 


1^727 


1.5689 


34° 


1.7214 


1.4397 


64° 


2.2754 


1.1732 


50 


1.5738 


1.5678 


35° 


1.7312 


1.4323 


65° 


2.3088 


1.1638 


60 


1.5751 


1.5665 


36° 


1.7415 


1.4248 


66° 


2J439 


1.1545 


70 


1.5767 


1.5649 


37° 


1.7522 


1.4171 


67° 


2.3809 


1.1453 


go 


1.5785 


1.5632 


38° 


1.7633 


1.4092 


68° 


2.4198 


1.1362 


90 


1.5805 


1.5611 


39° 


1.7748 


1.4013 


69° 


2.4610 


1.1272 


10° 


1.5828 


1.5589 


40° 


1.7868 


1.3931 


70° 


2.5046 


1.1184 


IP 


1.5854 


1.5564 


41° 


1.7992 


1.3849 


71° 


2.5507 


1.1096 


120 


1.5882 


1.5537 


42° 


1.8122 


1.3765 


72° 


2.5998 


1.1011 


130 


1.5913 


1.5507 


43° 


1.8256 


U680 


73° 


2.6521 


1.0927 


140 


1.5946 


1.5476 


44° 


1.8396 


1.3594 


74° 


2.7081 


1.0844 


15«» 


1.5981 


1.5442 


45° 


1.8541 


1.3506 


75° 


2.7681 


1.0764 


I60 


1.6020 


1.5405 


46° 


1.8691 


1.3418 


76° 


2.8327 


1.0686 


170 


1.6061 


1.5367 


47° 


1.SS48 


1.3329 


77° 


2.9026 


1.0611 


18° 


1.6105 


1.5326 


48° 


1.9011 


1.3238 


78° 


2.9786 


1.0538 


19° 


1.6151 


1.5283 


49° 


1.9180 


1.3147 


79° 


3.0617 


1.0468 


20° 


1.6200 


1.5238 


50° 


1.9356 


1.3055 


80° 


3.1534 


1.0401 


21° 


1.6252 


1.5191 


51° 


1.9539 


1.2963 


81° 


3.2553 


1.0338 


22° 


1.6307 


1.5141 


52° 


1.9729 


1.2870 


82° 


3.3699 


1.0278 


23° 


1.6365 


1.5090 


53° 


1.9927 


1.2776 


83° 


3.5004 


1.0223 


24° 


1.6426 


1.5037 


54° 


2.0133 


12681 


84° 


3.6519 


1.0172 


25° 


1.6490 


1.4981 


55° 


2.0347 


1.2587 


85° 


3.8317 


1.0127 


26° 


1.6557 


1.4924 


56° 


2.0571 


1.2492 


86° 


4.0528 


1.0086 


27° 


1.6627 


1.4864 


57° 


2.080 f 


1.2397 


87° 


43387 


1.0053 


28° 


1.6701 


1.4803 


58° 


2.1047 


1.2301 


88° 


4.7427 


1.0026 


29° 


1.6777 


1.4740 


59° 


2.1300 


1.2206 


89° 


5.4349 


1.0008 



{ 



122 



TABLES. 



Values of F(]tj </>) for Certain Values of k and ^ 

*« dz 



F(k,4>)^r 



Vl - A;2 sina 2 



4> 


arzRin-ifc. 


0° 


10° 


15° 


30° 


45° 


60° 


75° 


80° 


90° 


P 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0:0174 


0.0174 


20 


0.0349 


0.0349 


0.0349 


0.0349 


0.0349 


a0349 


0.0349 


0.0349 


0.0349 


3° 


0.0524 


0.0524 


0.0524 


0.0524 


0.0524 


0.0524 


0.0524 


0.0524 


0.0524 


4° 


0.0698 


0.0698 


0.0698 


0.0698 


0^0698 


0.0699 


0.0699 


0.0699 


0.0699 


5^ 


0.0873 


0.0873 


0.0873 


0.0873 


0.0873 


0.0874 


0.0874 


0.0874 


0.0874 


10^ 


0.1745 


0.1746 


0.1746 


0.1748 


0.1750 


0.1752 


0.1754 


0.1754 


0.1754 


15^ 


0.2618 


0.2619 


0.2620 


0.2625 


0.2633 


0.2641 


0.2646 


0.2647 


0.2648 


20° 


0.3491 


0.3493 


0.3495 


0.3508 


0.3526 


0:3545 


0.3559 


0.3562 


0.3564 


25° 


0.4363 


0.4367 


0.4372 


0.4397 


0.4433 


0.4470 


0.4498 


0.4504 


0.4509 


30° 


0.5236 


0.5243 


0.5251 


0.5294 


0.5356 


0.5422 


.0.5474 


0.5484 


0.5493 


35° 


0.6109 


0.6119 


0.6132 


0.6200 


0.6300 


0.6408 


0.6495 


0.6513 


0.6528 


40° 


0.6981 


0.6997 


0.7016 


0.7116 


0.7267 


0.7436 


0.7574 


0.7604 


0.7629 


45° 


0.7854 


0.7876 


0.7902 


0.8044 


0.8260 


0.8512 


0.8727 


0.8774 


0.8814 


50°. 


0.8727 


0.8756 


0.8792 


0.8982 


0.9283 


0.9646 


0.9971 


1.0044 


1.0107 


55° 


0.9599 


0.9637 


0.9683 


0.9933 


1.0337 


1.0848 


1.1331 


1.1444 


1.1542 


60° 


1.0472 


1.0519 


1.0577 


1.0896 


1.1424 


1.2125 


1.2837 


1.3014 


1.3170 


65° 


1.1345 


1.1402 


1.1474 


1.1869 


1.2545 


1.3489 


1.4532 


1.4810 


1.5064 


70° 


1.2217 


1.2286 


1.2373 


1.2853 


1.3697 


1.4944 


1.6468 


1.6918 


1.7354 


75° 


1.3090 


1.3171 


1.3273 


13846 


1.4879 


1.6492 


1.8714 


1.9468 


2.0276 


80° 


1.3963 


1.4056 


1.4175 


1.4846 


1.6085 


1.8125 


2:1339 


2.2653 


2.4362 


85° 


1.4835 


1.4942 


1.5078 


1.5850 


1.7308 


1.9826 


2.4366 


2.6694 


3.131S 


86° 


1.5010 


1.5120 


1.5259 


1.6052 


. 1.7554 


2.0172 


2.5013 


2.7612 


3.3547 


87° 


1.5184 


1.5297 


1.5439 


1.6253 


1.7801 


2.0519 


2.5670 


2.8561 


3.642S 


88° 


1.5359 


1.5474 


1.5620 


1.6454 


1.8047 


2.0867 


2.6336 


2.9537 


4.0481 


89° 


1.5533 


1.5651 


1.5801 


1.6656 


1.8294 


2.1216 


2.7007 


3.0530 


4.74H 


90° 


1.5708 


1.5828 


1.5981 


1.6858 


1.8541 


2.1565 


2.7681 


3.1534 


Inl 
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Values of E{ky </>) for Certain Values of k and </>. 



B 



X* 



Vl -fcagina^.dz. 






a = Rin^iA;. 


0° 


10° 


15° 


30° 


45° 


60^ 


75° 


80° 


90P 


p 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


0.0174 


2° 


0.0349 


0.0349 


0.0349 


0.0349 


0.0349 


0.0349 


0.0349 


0,0349 


0.0349 


y" 


0.0524 


0.0524 


0.0524 


0.0524 


0.0524 


0.0523 


0.0523 


0.0523 


0.0523 


4« 


0.0698 


0.0698 


0.0698 


0.0698 


0.0698 


0.0698 


0.0698 


0.0698 


0.0698 


5^^ 


0.0873 


0.0873 


0.0873 


0.0872 


0.0872 


0.0872 


0.0872 


0.0872 


0.0872 


10° 


0.1745 


0.1745 


0.1745 


0.1743 


0.1741 


0.1739 


0.1737 


0.1737 


0.1736 


15° 


0.2618 


0.2617 


0.2616 


0.2611 


0.2603 


0.2596 


0.2590 


0.2589 


0.2588 


20° 


0.3491 


0.3489 


0.3486 


0.3473 


0.3456 


03438 


0.3425 


0.3422 


0.3420 


25° 


0.4363 


0.4359 


0.4354 


0.4330 


0.4296 


0.4261 


0.4236 


0.4230 


0.4226 


30° 


0.5236 


0.5229 


0.5221 


0.5179 


0.5120 


0.5061 


0.5016 


0.5007 


0.5000 


35° 


0:6109 


0.6098 


0.6085 


0.6019 


0.5928 


0.5833 


0.5762 


0.5748 


0.5736 


40° 


0.6981 


0.6966 


0.6947 


0.6851 


0.6715 


0.6575 


0.6468 


0.6446 


0.6428 


45° 


0.7854 


0.7832 


0.7806 


0.7672 


0.7482 


0.7282 


0.7129 


0.7097 


0.7071 


50° 


0.8727 


0.8698 


0.8663 


0.^83 


0.8226 


0.7954 


0.7741 


0.7697 


0.7660 


55° 


0.9599 


0.9562 


0.9517 


0.9284 


0.8949 


0.8588 


0.8302 


0.8242 


0.8192 


6^ 


1.0472 


1.0426 


1.0368 


1.0076 


0.9650 


0.9184 


0.8808 


0.8728 


0.8660 


65° 


1.1345 


1.1288 


1.1218 


1.0858 


1.0329 


0.9743 


0.9258 


0.9152 


0.9063 


70° 


1.2217 


1.2149 


1.2065 


1.1632 


1.0990 


1.0266 


0.%52 


0.9514 


0.9397 


75° 


1.3090 


1.3010 


1.2911 


1.2399 


1.1635 


1.0759 


0.9992 


0.9814 


0.9659 


80° 


1.3963 


1.3870 


1.3755 


1.3161 


1.2266 


1.1225 


1.0282 


1.0054 


0.9848 


85° 


1.4835 


1.4729 


1.4598 


1.3919 


1.2889 


1.1673 


1.0534 


1.0244 


0.9962 


86° 


1.5010 


1.4901 


1.4767 


1.4070 


1.3012 


1.1761 


1.0581 


1.0277 


0.9976 


87° 


1.5184 


1.5073 


1.4936 


1.4221 


1.3136 


1.1848 


1.0628 


1.0309 


0.9986 


88° 


1.5359 


1.5245 


1.5104 


1.4372 


1.3260 


1.1936 


1.0674 


1.0340 


0.9994 


89° 


1.5533 


1.5417 


1.5273 


1.4524 


1.3383 


1.2023 


1.0719 


1.0371 


0.9998 


90* 


1.5708 


1.5589 


1.5442 


1.4675 


1.3506 


1.2111 


1.0764 


1.0401 


1.0000 
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Hyperbolic Functions. 






r 


e* 


C-' 


sinhx 


CORhX 


gdx 


0.00 


1.0000 


1.0000 


0.0000 


1.0000 


0?0000 


.01 


1.0100 


0.9900 


.0100 


1.0000 


0.5729 


.02 


1.0202 


.9802 


.0200 


1.0002 


1.1458 


.03 


1.0305 


.9704 


.0300 


1.0004 


1.7186 


.04 


1.0408 


.9608 


.0400 


1.0008 


2.2912 


.05 


1.0513 


.9512 


.0500 


1.0013 


2.8636 


.06 


1.0618 


.9418 


.0600 


1.0018 


3.4357 


.07 


1.0725 


.9324 


.0701 


1.0025 


4.0074 


.08 


1.0833 


.9231 


.0801 


1.0032 


4.5788 


.09 


1.0942 


.9139 


.0901 


1.0041 


5.1497 


.10 


1.1052 


.9048 


.1002 


1.0050 


5.720 


.11 


1.1163 


.8958 


.1102 


1.0061 


6.290 


.12 


1.1275 


.8869 


.1203 


1.0072 


6.859 


.13 


1.1388 


.8781 


.1304 


1.0085 


7.428 


.14 


1.1503 


.8694 


.1405 


1.0098 


7.995 


.15 


1.1618 


.8607 


.1506 


1.0113 


8.562 


.16 


1.1735 


.8521 


.1607 


1.0128 


9.128 


.17 


1.1853 


.8437 


.1708 


1.0145 


9.694 


.18 


1.1972 


.8353 


.1810 


1.0162 


10.258 


.19 


1.2092 


.8270 


.1911 


1.0181 


10.821 


.20 


1.2214 


.8187 


.2013 


1.0201 


11.384 


.21 


1.2337 


.8106 


.2115 


1.0221 


11.945 


.22 


1.2461 


.8025 


.2218 


1.0243 


12.505 


.23 


1.2586 


.7945 


.2320 


1.0266 


13.063 


.24 


1.2712 


.7866 


.2423 


1.0289 


13.621 


.25 


1.2840 


.7788 


.2526 


1.0314 


14.177 


.26 


1.2%9 


.7711 


.2629 


1.0340 


14.732 


.27 


1.3100 


.7634 


.2733 


1.0367 


15.285 


.28 


1.3231 


.7558 


.2837 


1.0395 


15.837 


.29 


1.3364 


.7483 


.2941 


1.0423 


16.388 


.30 


1.3499 


.7408 


.3045 


1.0453 


16.937 


.31 


1.3634 


.7334 


.3150 


1.0484 


17.484 


.32 


1.3771 


.7261 


.3255 


1.0516 


18.030 


.33 


1.3910 


.7189 


.3360 


1.0549 


18.573 


.34 


1.4049 


.7118 


.3466 


1.0584 


19.116 


.35 


1.4191 


.7047 


.3572 


1.0619 


19.656 


.36 


1.4333 


.6977 


.3678 


1.0655 


20.195 


.37 


1.4477 


.6907 


.3785 


1.0692 


20.732 


.38 


1.4623 


.6839 


.3892 


1.0731 


21.267 


.39 


1.4770 


.6771 


.4000 


1.0770 


21.800 


.40 


1.4918 


.6703 


.4108 


1.0811 


22.331 


.41 


1.5068 


.6636 


.4216 


1.0852 


22.859 


.42 


1.5220 


.6570 


.4325 


1.0895 


23.386 


.43 


1.5373 


.6505 


.4434 


1.0939 


23.911 


.44 


1.5527 


.6440 


.4543 


1.0984 


24.434 


.45 


1.5683 


.6376 


.4653 


1.1030 


24.955 


.46 


1.5841 


.6313 


.4764 


1.1077 


25.473 


.47 


1.6000 


.6250 


.4875 


1.1125 


25.989 


.48 


1.6161 


.6188 


.4986 


1.1174 


26.503 


.49 


1.6323 


.6126 


.5098 


1.1225 


27.015 


0.50 


1.6487 


0.6065 


0.5211 


1.1276 


27?524 
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Hyperbolic Functions. 






z 


e* 


-' 


sinho; 


cosh 2 


gda; 


0.50 


1.6487 


0.6065 


0.5211 


1.1276 


27!524 


.51 


1.6653 


.6005 


.5324 


1.1329 


28.031 


.52 


1.6820 


.5945 


.5438 


1.1383 


28.535 


.53 


1.6989 


.5886 


.5552 


1.1438 


29.037 


.54 


1.7160 


.5827 


.5666 


1.1494 


29.537 


.55 


1.7333 


.5770 


.5782 


1.1551 


30.034 


.56 


1.7507 


.5712 


.5897 


1.1609 


30.529 


.57 


1.7683 


.5655 


.6014 


1.1669 


31.021 


.58 


1.7860 


.5599 


.6131 


1.1730 


31.511 


.59 


1.8040 


.5543 


6248 


1.1792 


31.998 


.60 


1.8221 


.5488 


6367 


1.1855 


32.483 


.61 


1.8404 


.5433 


.6485 


1.1919 


32.%5 


.62 


1.8589 


.5379 


.6605 


1.1984 


33.444 


.63 


1.8776 


.5326 


.6725 


1.2051 


33.921 


.64 


1.8965 


.5273 


.6846 


1.2119 


34.395 


.65 


1.9155 


.5220 


.6%7 


1.2188 


34.867 


.66 


1.9348 


.5169 


.7090 


1.2258 


35.336 


.67 


1.9542 


.5117 


.7213 


1.2330 


35.802 


.68 


1.9739 


.5066 


.7336 


1.2402 


36.265 


.69 


1.9937 


.5016 


.7461 


1.2476 


36.726 


.70 


2.0138 


.4966 


.7586 


1.2552 


37.183 


.71 


2.0340 


.4916 


.7712 


1.2628 


37.638 


.72 


2.0544 


.4867 


.7838 


1.2706 


38v091 


.73 


2.0751 


.4819 


.7966 


1.2785 


' 38.540 


•74 


2.0959 


.4771 


.8094 


1.2865 


38.987 


.75 


2.1170 


.4724 


.8223 


1.2947 


39.431 


.76 


2.1383 


.4677 


.8353 


1.3030 


39.872 


.77 


2.1598 


.4630 


.8484 


1.3114 


40.310 


.78 


2.1815 


.4584 


.8615 


1.3199 


40.746 


.79 


2.2034 


.4538 


.8748 


1.3286 


41.179 


.80 


2.2255 


.4493 


.8881 


1.3374 


41.608 


•81 


2.2479 


.4449 


.9015 


1.3464 


42.035 


.82 


2.2705 


.4404 


.9150 


1.3555 


42.460 


.83 


2.2933 


.4360 


.9286 


1.3647 


42.881 


.84 


2.3164 


.4317 


.9423 


1.3740 


43.299 


•85 


2.3396 


.4274 


.9561 


1.3835 


43.715 


.86 


2.3632 


.4232 


.9700 


1.3932 


44.128 


.87 


2.3869 


.4190 


.9840 


1.4029 


44.537 


.88 


2.4109 


.4148 


.9981 


1.4128 


44.944 


.89 


2.4351 


.4107 


1.0122 


1.4229 


45.348 


.90 


2.4596 


.4066 


1.0265 


1.4331 


45.750 


.91 


2.4843 


.4025 


1.0409 


1.4434 


46.148 


.92 


2.5093 


.3985 


1.0554 


1.4539 


46.544 


.93 


2.5345 


.3946 


1.0700 


1.4645 


46.936 


.94 


2.5600 


.3906 


1.0847 


1.4753 


47.326 


.95 


2.5857 


.3867 


1.0995 


1.4862 


47.713 


.96 


2.6117 


.3829 


1.1144 


1.4973 


48.097 


.97 


2.6379 


.3791 


1.1294 


1.5085 


48.478 


.98 


2.6645 


.3753 


1.1446 


1.5199 


48.857 


.99 


2.6912 


.3716 


1.1598 


i.5314 


49.232 


1.00 


2.7183 


0.3679 


1.1752 


1.5431 


49!60S 



sinhoft&ngdx; CMbx = 90CgAx\ \MiL\ix«»\\\^^x. 
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Hyperbolic Functions. 



X 


I sinh X 


2 cosh X 


X 


I sinh X 


Z cosh 2 


X 


Zsinhx 


Zcdfihx 


1.00 


0.0701 


0.1884 


1.50 


0.3282 


0.3715 


2.00 


0.5595 


0.5754 


1.01 


.0758 


.1917 


1.51 


.3330 


.3754 


2.01 


.5640 


.57% 


1.02 


.0815 


.1950 


1.52 


.3378 


.3794 


2.02 


.5685 


.5838 


1.03 


.0871 


.1984 


1.53 


.3426 


.3833 


2.03 


.5730 


.5880 


1.04 


.0927 


.2018 


1.54 


.3474 


.3873 


2.04 


.5775 


.5922 


1.05 


.0982 


.2051 


1.55 


.3521 


.3913 


2.05 


.5820 


.5964 


1.06 


.1038 


.2086 


1.56 


.3569 


.3952 


2.06 


.5865 


.6006 


1.07 


.1093 


.2120 


1.57 


.3616 


.3992 


2.07 


.5910 


.6048 


1.08 


.1148 


.2154 


1.58 


.3663 


.4032 


2.08 


.5955 


.6090 


1.09 


.1203 


.2189 


1.59 


.3711 


.4072 


2.09 


.6000 


.6132 


1.10 


.1257 


.2223 


1.60 


.3758 


.4112 


2.10 


.6044 


.6175 


1.11 


.1311 


.2258 


1.61 


.3805 


.4152 


2.11 


.6089 


.6217 


1.12 


.1365 


.2293 


1.62 


.3852 


.4192 


2.12 


.6134 


.6259 


1.13 


.1419 


.2328 


1.63 


.3899 


.4232 


2.13 


.6178 


.6301 


1.14 


.1472 


.2364 


1.64 


.3946 


.4273 


2.14 


.6223 


.6343 


1.15 


.1525 


.2399 


1.65 


.3992 


.4313 


2.15 


.6268 


.6386 


1.16 


.1578 


.2435 


1.66 


.4039 


.4353 


2.16 


.6312 


.6428 


1.17 


.1631 


.2470 


1.67 


.4086 


.4394 


2.17 


.6357 


.6470 


1.18 


.1684 


.2506 


1.68 


.4132 


.4434 


2.18 


.6401 


.6512 


1.19 


.1736 


.2542 


1.69 


.4179 


.4475 


2.19 


.6446 


.6555 


1.20 


.1788 


.2578 


1.70 


.4225 


.4515 


2.20 


.6491 


.6597 


1.21 


.1840 


.2615 


1.71 


.4272 


.4556 


2.21 


.6535 


.6640 


1.22 


.1892 


.2651 


1.72 


.4318 


.4597 


2.22 


.6580 


.6682 


1.23 


.1944 


.2688 


1.73 


.4364 


.4637 


2.23 


.6624 


.6724 


1.24 


.1995 


.2724 


1.74 


.4411 


.4678 


2.24 


.6668 


.6767 


1.25 


.2046 


.2761 


1.75 


.4457 


.4719 


2.25 


.6713 


.6809 


1.26 


.2098 


.2798 


1.76 


.4503 


.4760 


2.26 


.6757 


.6852 


1.27 


.2148 


.2835 


1.77 


.4549 


.4801 


2.27 


.6802 


.6894 


1.28 


.2199 


.2872 


1.78 


.4595 


.4842 


2.28 


.6846 


.6937 


1.29 


.2250 


.2909 


1.79 


.4641 


.4883 


2.29 


.6890 


.6979 


1.30 


.2300 


.2947 


1.80 


.4687 


.4924 


2.30 


.6935 


.7022 


1.31 


.2351 


.2984 


1.81 


.4733 


.4965 


2.31 


.6979 


.7064 


1.32 


.2401 


.3022 


1.82 


.4778 


.5006 


2.32 


.7023 


.7107 


1.33 


.2451 


.3059 


1.83 


.4824 


.5048 


2.33 


.7067 


.7150 


1.34 


.2501 


.3097 


1.84 


.4870 


.5089 


2.34 


.7112 


.7192 


1.35 


.2551 


.3135 


1.85 


.4915 


.5130 


2.35 


.7156 


.7235 


1.36 


.2600 


.3173 


1.86 


.4961 


.5172 


2.36 


.7200 


.7278 


1.37 


.2650 


.3211 


1.87 


.5007 


.5213 


2.37 


.7244 


.7320 


1.38 


.2699 


.3249 


1.88 


.5052 


.5254 


2.38 


.7289 


.7363 


1.39 


.2748 


.3288 


1.89 


.5098 


.5296 


2.38 


.7333 


.7406 


1.40 


.2797 


.3326 


1.90 


.5143 


.5337 


2.40 


.7377 


.7448 i 


1.41. 


.2846 


.3365 


1.91 


.5188 


.5379 


2.41 


.7421 


.7491 ; 


1.42 


.2895 


.3403 


1.92 


.5234 


.5421 


2.42 


.7465 


.7534 


1.43 


.2944 


.3442 


1.93 


.5279 


.5462 


2.43 


.7509 


.7577 : 


1.44 


.2993 


.3481 


1.94 


.5324 


.5504 


2.44 


.7553 


.7619 . 


1.45 


.3041 


.3520 


1.95 


.5370 


.5545 


2.45 


.7597 


.7662 ' 


1.46 


.3090 


.3559 


1.96 


.5415 


.5687 


2.46 


.7642 


.7705 ; 


1.47 


.3138 


.3598 


1.97 


.5460 


.5629 


2.47 


.7686 


.7748 • 


1.48 


.3186 


.3637 


1.98 


.5505 


.5671 


2.48 


.7730 


.7791 


1.49 


.3234 


.3676 


1.99 


.5550 


.5713 


2.49 


.7774 


.7833 


; '■'' I 


0.3282 


0.3715 


2.00 


0.5595 


0.5754 


2.50 


0.7818 


0.7876 



TABLES. 
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Hyperbolic Functions. 



X 


Zsinha; 


I cosh X 


X 


I sinh X 


I cosh X 


X 


Zsinha; 


■ ,1 
Z cosh 2 


2.50 


0.7818 


0.7876 


2,1 S 


0.8915 


0.8951 


3.0 


1.0008 


1.0029 


2.51 


.7862 


.7919 


2.76 


.8959 


.8994 


3.1 


1.0444 


1.0462 


2.52 


.7906 


.7%2 


2.77 


.9003 


.9037 


3.2 


1.0880 


1.0894 


2.53 


.7950 


.8005 


2.78 


.9046 


.9080 


3.3 


1.1316 


1.1327 


2.54 


.7994 


.8048 


2.79 


.9090 


.9123 


3.4 


1.1751 


1.1761 


2.55 


.8038 


.8091 


2.80 


.9134 


.9166 


3.5 


1.2186 


1.2194 


2.56 


.8082 


.8134 


2.81 


.9178 


.9209 


3.6 


1.2621 


1.2628 


2.57 


.8126 


.8176 


2.82 


.9221 


.9252 


3.7 


1.3056 


1.3061 


2.58 


.8169 


.8219 


2.83 


.9265 


.9295 


3.8 


1.3491 


1.3495 


2.59 


.8213 


.8262 


2.84 


.9309 


.9338 


3.9 


1.3925 


1.3929 


2.60 


.8257 


.8305 


2.85 


.9353 


.9382 


4.0 


1.4360 


1.4363 


2.61 


.8301 


.8348 


2.86 


.9396 


.9425 


4.1 


1.4795 


1.4797 


2.62 


.8345 


.8391 


2.87 


.9440 


.9468 


4.2 


1.5229 


1.5231 


2.63 


.8389 


.8434 


2.88 


.9484 


.9511 


4.3 


1.5664 


1.5665 


2.64 


.8433 


.8477 


2.89 


.9527 


.9554 


4.4 


1.6098 


1.6099 


2.65 


.8477 


.8520 


290 


.9571 


.9597 


4.5 


1.6532 


1.6533 


2.66 


.8521 


.8563 


2.91 


.9615 


.9641 


4.6 


1.6967 


1.6968 


2.67 


.8564 


.8606 


2.92 


.%58 


.9684 


4.7 


1.7401 


1.7402 


2.68 


.8608 


.8649 


2.93 


.9702 


.9727 


4.8 


1.7836 


1.7836 


2.69 


.8652 


.8692 


2.94 


.9746 


.9770 


4.9 


1.8270 


1.8270 


2.70 


.8696 


.8735 


2.95 


.9789 


.9813 


5.0 


1.8704 


1.8705 


2.71 


.8740 


.8778 


2.96 


.9833 


.9856 


6.0 


2.3047 


2.3047 


2.72 


.8784 


.8821 


2.97 


.9877 


.9900 


7.0 


2.7390 


2.7390 


2.73 


.8827 


.8864 


2.98 


.9920 


.9943 


8.0 


3.1733 


3.1733 


2.74 


.8871 


.8907 


2.99 


.9964 


.9986 


9.0 


3.6076 


3.6076 


2.75 


0.8915 


0.8951 


3.00 


1.0008 


1.0029 


10.0 


4.0419 


4.0419 



For values of x greater than 7.0, we may write, to five places of deci- 
mals at least, 

logio sinh X = logio cosh x = log J e* = x (0.4842945) + 1.6989700. 



The Values of e^ for Certain Values of x. 



X 


ff-X 


X 


g-X 


X 


e-x 


X 


ff-X 


1/10 


0.90484 


8/10 


0.44933 


18/10 


0.16530 


5 


0.00674 


1/8 


0.88250 


9/10 


0.40657 


2 


0.13534 


11/2 


0.00409 


1/6 


0.84648 


1 


0.36788 


9/4 


0.10540 


6 


0.00248 


2/10 


0.81873 


11/10 


0.33287 


5/2 


0.08209 


13/2 


0.00150 


1/4 


0.77880 


9/8 


0.32465 


8/3 


0.06948 


7 


0.00091 


3/10 


0.74082 


12/10 


0.30119 


3 


0.04979 


15/2 


0.00055 


1/3 


0.71653 


5/4 


0.28650 


25/8 


0.04394 


8 


0.00034 


4/10 


0.67032 


13/10 


0.27253 


16/5 


0.04076 


9 


0.00012 


5/10 


0.60653 


4/3 


0.26360 


18/5 


0.02732 


10 


0.00004 


6/10 


0.54881 


14/10 


0.24660 


4 


0.01832 


11 


0.00002 


2/3 


0.51342 


3/2 


0.22313 


25/6 


0.01550 


12 


0.00001 


7/10 


0.49659 


16/10 


0.20190 


9/2 


0.01111 


13 


0.00000 
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The Common Logarithms of e« and 





X 


logioc« 


logioe-« 




0.00001 


0.0000043429 


T.9999956571 




0.00002 


0.0000086859 


1.9999913141 




0.00003 


0.0000130288 


1.9999869712 




0.00004 


0.0000173718 


1.9999826282 




0.00005 


0.0000217147 


1.9999782853 




0.00006 


0.0000260577 


1.9999739423 




0.00007 


0.0000304006 


1.9999695994 




0.00008 


0.0000347436 


1.9999652564 




0.00009 


0.0000390865 


1.9999609135 




0.00010 


0.0000434294 


1.9999565706 




0.00020 


0.0000868589 


1.9999131411 




0.00030 


0.0001302883 


1.9998697117 




0.00040 


0.0001737178 


1.9998262822 




0.00050 


0.0002171472 


1.9997828528 




0.00060 


0.0002605767 


1.9997394233 




0.00070 


0.0003040061 


1.9996959939 




0.00080 


0.0003474356 


1.9996525644 




0.00090 


0.0003908650 


1.9996091350 




0.00100 


0.0004342945 


1.9995657055 




0.00200 


0.0008685890 


1.9991314110 




0.00300 


0.0013028834 


1.9986971166 




0.00400 


0.0017371779 


1.9982628221 




0.00500 


0.0021714724 


T.9978285276 




0.00600 


0.0026057669. 


1.9973942331 




0.00700 


0.0030400614 


T.9969599386 




0.00800 


0.0034743559 


T.9%5256441 




0.00900 


0.0039086503 


1.9960913497 




0.01000 


0.0043429448 


1.9956570552 




0.02000 


0.0086858896 


1.9913141104 




0.03000 


0.0130288345 


1.9869711655 




0.04000 


0.0173717793 


1.9826282207 




0.05000 


0.0217147241 


1.9782852759 




0.06000 


0.0260576689 


1.9739423311 




0.07000 


0.0304006137 


T.%95993863 



> 
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X 


logioc* 


logioe-^ 




0.08000 


0.0347435586 


1.9652564414 




0.09000 


0.0390865034 


1.9609134966 




0.10000 


0.0434294482 


1.9565705518 




0.20000 


0.0868588964 


1.9131411036 




OJOOOO 


0.1302883446 


1.8697116554 




0.40000 


0.1737177928 


1.8262822072 




0.50000 


0.2171472410 


1.7828527590 




0.60000 


0.2605766891 


1.7394233109 




0.70000 


0.3040061373 


1.6959938627 




0.80000 


0.3474355855 


1.6525644145 




0.90000 


0.3908650337 


1.6091349663 




1.00000 


0.4342944819 


1.5657055181 




2.00000 


0.8685889638 


1.1314110362 




3.00000 


13028834457 


2.6971165543 




4.00000 


1.7371779276 


2.2628220724 




5.00000 


2.1714724095 


3.8285275905 




6.00000 


2.6057668914 


3.3942331086 




7.00000 


3.0400613733 


4.9599386267 




8.00000 


3.4743558552 . 


4.5256441448 




9.00000 


3.9086503371 


4.0913496629 




10.00000 


4.3429448190 


5.6570551810 




20.00000 


8.6858896381 


9.3141103619 




30.00000 


13.0288344571 


14.9711655429 




40.00000 


17.3717792761 


18.6282207239 




50.00000 


21.7147240952 


22.2852759048 




60.00000 


26.0576689142 


27.9423310858 




70.00000 


30.4006137332 


31.5993862668 




80.00000 


34.7435585523 


35.2564414477 




90.00000 


39.0865033713 


40.9134966287 




100.00000 


43.4294481903 


44.5705518097 




200.00000 


86.8588963807 


87.1411036193 




300.00000 


130.2883445710 


131.7116554290 




400.00000 


173.7177927613 


174.2822072387 




500.00000 


217.1472409516 


218.8527590^84 



Note ' log €*+y = log e« + log eff. Thus, log eiw-i^s = 49.13946518a 
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TABLES. 









Five-Place Natural Logarithms. 








No. 





1 


2 3 


4 


6 


6 


7 


8 


9 


D. 


1.00 


0.00000 


0100 


0200 0300 


0399 


0499 


0598 


0698 


0797 


0896 


100-99 


1.01 


0.00995 


1094 


1193 1292 


1390 


1489 


1587 


1686 


1784 


1882 


99-98 


1.02 


0.0 1980 


2078 


2176 2274 


2372 


2469 


2567 


2664 


2762 


2859 


98-97 


1.03 


0.0 2956 


3053 


3150 3247 


3343 


3440 


3537 


3633 


3730 


3826 


97-96 


1.04 


0.0 3922 


4018 


4114 4210 


4306 


4402 


4497 


4593 


4688 


4784 


96-95 


1.05 


0.0 4879 


4974 


5069 5164 


5259 


5354 


5449 


5543 


5638 


5733 


95-94 


1.06 


0.0 5827 


5921 


6015 6110 


6204 


6297 


6391 


6485 


6579 


6672 


94 


1.07 


0.0 6766 


6859 


6953 7046 


7139 


7232 


7325 


7418 


7511 


7603 


93 


1.08 


0.0 7696 


7789 


7881 7973 


8066 


8158 


8250 


8342 


8434 


8526 


93-9Q 


1.09 


0.0 8618 


8709 


8801 8893 


8984 


9075 9167 
9985 *0075 


9258 


9349 


9430 


99-^1 


1.10 


0.09531 


9622 


9713 9803 


9894 


0165 


0256 


0346 


91-90 


1.11 


0.1 0436 


0526 


0616 0706 


0796 


0885 


0975 


1065 


1154 


1244 


90-89 


1.12 


0.1 1333 


1422 


1511 1600 


1689 


1778 


1867 


1956 


2045 


2133 


89 


1.13 


0.1 2222 


2310 


2399 2487 


2575 


2663 


2751 


2839 


2927 


3015 


88 


1.14 


0.1 3103 


3191 


3278 3366 


3453 


3540 


3628 


3715 


3802 


3889 


88-87 


1.15 


0.1 3976 


4063 


4150 4237 


4323 


4410 


4497 


4583 


4669 


4756 


87-86 


1.16 


0.1 4842 


4928 


5014 5100 


5186 


5272 


5358 


5444 


5529 


5615 


86 


1.17 


0.1 5700 


5786 


5871 5956 


6042 


6127 


6212 


6297 


6382 


6467 


85 


1.18 


0.1 6551 


6636 


6721 6805 


6890 


6974 


7059 


7143 


7227 


7311 


85-«4 


1.19 


0.1 7395 


7479 


7563 7647 


7731 


7815 


7898 


7982 


8065 


8149 


84-83 


1.20 


0.1 8232 


8315 


8399 8482 


8565 


8648 


8731 


8814 


8897 


9979 


83 


1.21 


0.1 9062 


9145 


9227 9310 


9392 


9474 


9557 


9639 


9721 


9803 


83-89 


1.22 


0.1 9885 


9967 *0049 0131 


0212 


0294 


0376 


0457 


0539 


0620 


82-81 


1.23 


0.2 0701 


0783 


0864 0945 


1026 


1107 


1188 


1269 


1350 


1430 


81 


1.24 


0.2 1511 


1592 


1672 1753 


1833 


1914 


1994 


2074 


2154 


2234 


81-80 


1.25 


0.2 2314 


2394 


2474 2554 


2634 


2714 


2793 


2873 


2952 


3032 


80-79 


1.26 


0.2 3111 


3191 


3270 3349 


3428 


3507 


3586 


3665 


3744 


3823 


79 


1.27 


0.2 3902 


3980 


4059 4138 


4216 


4295 


4373 


4451 


4530 


4608 


79-78 


1.28 


0.24686 


4764 


4842 4920 


4998 


5076 


5154 


5231 


5309 


5387 


78 


1.29 


0.2 5464 


5542 


5619 5697 


5774 


5811 


5928 


6005 


6082 


6159 


77 


1.80 


0.2 6236 


6313 


6390 6467 


6544 


6620 


6697 


6773 


6850 


6926 


77-76 


1.31 


0.2 7003 


7079 


7155 7231 


7308 


7384 


7460 


7536 


7612 


7687 


76 


1.32 


0.2 7763 


7839 


7915 7990 


8066 


8141 


8217 


8292 


8367 


8443 


76-75 


1.33 


0.2 8518 


8593 


8668 8743 


8818 


8893 


8968 


9043 


9118 


9192 


75 


1.34 


0.2 9267 


9342 


9416 9491 


9565 


9639 


9714 


9788 


9862 


9936 


75-74 


1.35 


0.3 0010 


0085 


0158 0232 


0306 


0380 


0454 


0528 


0601 


0675 


74 


1.36 


0.3 0748 


0822 


0895 0969 


1042 


1115 


1189 


1262 


1335 


1408 


74-73 


1.37 


0.3 1481 


1554 


1627 1700 


1773 


1845 


1918 


1991 


2063 


2136 


73-72 


1.38 


0.3 2208 


2281 


2353 2426 


2498 


2570 


2642 


2714 


2786 


2858 


72 


1.39 


0.3 2930 


3002 


3074 3146 


3218 


3289 


3361 


3433 


3504 


3576 


72-71 


1.40 


0.3 3647 


3719 


3790 3861 


3933 


4004 


4075 


4146 


4217 


4288 


71 


1.41 


0.3 4359 


4430 


4501 4572 


4642 


4713 


4784 


4854 


4925 


4995 


71-70 


1.42 


0.3 5066 


5136 


5206 5277 


5347 


5417 


5487 


5557 


5677 


5697 


70 


1.43 


0.3 5767 


5837 


5907 5977 


6047 


6116 


6186 


6256 


6335 


6395 


70-69 


1.44 


0.3 6464 


6534 


6603 6672 


6742 


6811 


6880 


6949 


7018 


7087 


69 


1.45 


0.3 7156 


7225 


7294 7363 


7432 


7501 


7569 


7638 


7707 


7775 


69 


1.46 


0.3 7844 


7912 


7981 8049 


8117 


8186 


8254 


8322 


8390 


8458 


68 


1.47 


03 8526 


8594 


8662 8730 


8798 


8866 


8934 


9001 


9069 


9137 


68 


1.48 


0.3 9204 


9272 


9339 9407 


9474 


9541 


9609 


9676 


9743 


9810 


68-67 


1.49 


0.3 9878 


9945 «0012 0079 


0146 


0213 


0279 


0346 


0413 


0480 


67 


1.50 


0.4 0547 


0613 


0680 0746 


0813 


0879 


0946 


1012 


1078 


1145 


67-66 
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Five-Place Natural Logarithms. 








No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


1.60 


0.4 0547 


0613 


0680 


0746 


0813 


0879 


0946 


1012 


1078 


1145 


67-66 


1.51 


0.4 1211 


1277 


1343 


1409 


1476 


1542 


1608 


1673 


1739 


1805 


66 


1.52 


0.4 1871 


1937 


2003 


2068 


2134 


2199 


2265 


2331 


2396 


2461 


66-65 


1.53 


0.4 2527 


2592 


2657 


2723 


2788 


2853 


2918 


2983 


3048 


3113 


85 


1.54 


0.4 3178 


3243 


3308 


3373 


3438 


3502 


3567 


3632 


3696 


3761 


65-64 


1.55 


0.4 3825 


3890 


3954 


4019 


4083 


4148 


4212 


4276 


4340 


4404 


64 


1.56 


0.4 4469 


4533 


4597 


4661 


4725 


4789 


4852 


4916 


4980 


5044 


64 


1.57 


0.4 5108 


5171 


5235 


5298 


5362 


5426 


5489 


5552 


5616 


5679 


64-63 


1.58 


0.4 5742 


5806 


5869 


5932 


5995 


6058 


6122 


6185 


6248 


6310 


63 


1.59 


0.4 6373 


6436 


6499 


6562 


6625 


6687 


6750 


6813 


6875 


6938 


63 


1.60 


0.4 7000 


7063 


7125 


7188 


7250 


7312 


7375 


7437 


7499 


7561 


63 


1.61 


0.4 7623 


7686 


7748 


7810 


7872 


7933 


7995 


8057 


8119 


8181 


6Q 


1.62 


0.4 8243 


8304 


8366 


8428 


8489 


8551 


8612 


8674 


8735 


8797 


63-61 


1.63 


0.4 8858 


8919 


8981 


9042 


9103 


9164 


9225 


9287 


9348 


9409 


61 


1.64 


0.4 9470 


9531 


9592 


9652 


9713 


9774 


9835 


9896 


9956 *0017 


61 


1.65 


0.5 0078 


0138 


0199 


0259 


0320 


0380 


0441 


0501 


0561 


0622 


61-60 


1.66 


• 0.5 0682 


0742 


0802 


0862 


0922 


0983 


1043 


1103 


1163 


1222 


60 


1.67 


0.5 1282 


1342 


1402 


1462 


1522 


1581 


1641 


1701 


1760 


1820 


60 


1.68 


0.5 1879 


1939 


1998 


2058 


2117 


2177 


2236 


2295 


2354 


2414 


60-58 


1.69 


0.5 2473 


2532 


2591 


2650 


2709 


2768 


2827 


2886 


2945 


3004 


59 


1.70 


0.5 3063 


3122 


3180 


3239 


3298 


3357 


3415 


3474 


3532 


3591 


59-58 


1.71 


0.5 3649 


3708 


3766 


3825 


3883 


3941 


4000 


4058 


4116 


4174 


58 


1.72 


0.5 4232 


4291 


4349 


4407 


4465 


4523 


4581 


4639 


4696 


4754 


58 


1.73 


0.5 4812 


4870 


4928 


4985 


5043 


5101 


5158 


5216 


5274 


5331 


58-67 


1.74 


0.5 5389 


5446 


5503 


5561 


5618 


5675 


5733 


5790 


5847 


5904 


57 


1.75 


0.5 5962 


6019 


6076 


6133 


6190 


6247 


6304 


6361 


6418 


6475 


57 


1.76 


0.5 6531 


6588 


6645 


6702 


6758 


6815 


6872 


6928 


6985 


7041 


57 


1.77 


0.5 7098 


7154 


7211 


7267 


7324 


7380 


7436 


7493 


7549 


7605 


56 


1.78 


0.5 7661 


7718 


7774 


7830 


7886 


7942 


7998 


8054 


8110 


8166 


56 


1.79 


0.5 8222 


8277 


8333 


8389 


8445 


8501 


8556 


8612 


8667 


8723 


56 


1.80 


0.5 8779 


8834 


8890 


8945 


9001 


9056 


9111 


9167 


9222 


9277 


56-55 


1.81 


0.5 9333 


9388 


9443 


9498 


9553 


9609 


9664 


9719 


9774 


9829 


55 


1.82 


0.5 9884 


9939 


9993 *0048 


0103 


0158 


0213 


0268 


0322 


0377 


55 


1.83 


0.6 0432 


0486 


0541 


0595 


0650 


0704 


0759 


0813 


0868 


0922 


55-54 


1.84 


0.60977 


1031 


1085 


1139 


1194 


1248 


1302 


1356 


1410 


1464 


54 


1.85 


0.61519 


1573 


1627 


1681 


1735 


1788 


1842 


18% 


1950 


2004 


54 


1.86 


0.6 2058 


2111 


2165 


2219 


2272 


2326 


2380 


2433 


2487 


2540 


54-53 


1.87 


0.6 2594 


2647 


2701 


2754 


2808 


2861 


2914 


2967 


3021 


3074 


53 


1.88 


0.63127 


3180 


3234 


3287 


3340 


3393 


3446 


3499 


3552 


3605 


53 


1.89 


0.6 3658 


3711 


3763 


3816 


3869 


3922 


3975 


4027 


4080 


4133 


53 


1.90 


0.6 4185 


4238 


4291 


4343 


4396 


4448 


4501 


4553 


4606 


4658 


53^58 


1.91 


0.64710 


4763 


4815 


4867 


4920 


4972 


5024 


5076 


5128 


5180 


53 


1.92 


0.6 5233 


5285 


5337 


5389 


5441 


5493 


5545 


5596 


5648 


5700 


53 


1.93 


0.6 5752 


5804 


5856 


5907 


5959 


6011 


6062 


6114 


6166 


6217 


53 


1.94 


0.6 6269 


6320 


6372 


6423 


6475 


6526 


6578 


6629 


6680 


6732 


53-51 


1.95 


0.66783 


6834 


6885 


6937 


6988 


7039 


7090 


7141 


7192 


7243 


51 


1.96 


0.6 7294 


7345 


7396 


7447 


7498 


7549 


7600 


7651 


7702 


7753 


51 


1.97 


0.6 7803 


7854 


7905 


7956 


8006 


8057 


8107 


8158 


8209 


8259 


51 


1.98 


0.6 8310 


8360 


8411 


8461 


8512 


8562 


8612 


8663 


8713 


8763 


50 


1.99 


0.6 8813 


8864 


8914 


8964 


9014 


9064 


9115 


9165 


9215 


9265 


50 


S.00 


0.69315 


9365 


9415 


9465 


9515 


9564 


9614 


9664 


9714 


9764 


50 
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Five-Place Natural Logarithms. 



No. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 


2.00 


0.69315 


9365 


9415 


9465 


9515 


9564 


9614 


9664 


9714 


9764 


50 


2.01 


0.6 9813 


9863 


9913 


9963 *0012 


0062 


0112 


0161 


0211 


0260 


50 


2.02 


0.7 0310 


0359 


0409 


0458 


0508 


0557 


0606 


0656 


0705 


0754 


49 


2.03 


0.70804 


0853 


0902 


0951 


1000 


1050 


1099 


1148 


1197 


1246 


49 


2.04 


0.71295 


1344 


1393 


1442 


1491 


1540 


1589 


1638 


1686 


1735 


49 


2.05 


0.7 1784 


1833 


1881 


1930 


1979 


2028 


2076 


2125 


2173 


2222 


49 


2.06 


0.7 2271 


2319 


2368 


2416 


2465 


2513 


2561 


2610 


2658 


2707 


49-48 


2.07 


0.7 2755 


2803 


2851 


2900 


2948 


2996 


3044 


3092 


3141 


3189 


48 


2.08 


0.7 3237 


3285 


3333 


3381 


3429 


3477 


3525 


3573 


3621 


3669 


48 


2.09 


0.7 3716 


3764 


3812 


3860 


3908 


3955 


4003 


4051 


4098 


4146 


48 


2.10 


0.7 4194 


4241 


4289 


4336 


4384 


4432 


4479 


4527 


4574 


4621 


48-47 


2.11 


0.7 4669 


4716 


4764 


4811 


4858 


4905 


4953 


5000 


5047 


5094 


47 


2.12 


0.7 5142 


5189 


5236 


5283 


5330 


5377 


5424 


5471 


5518 


5565 


47 


2.13 


0.7 5612 


5659 


5706 


5753 


5800 


5847 


5893 


5940 


5987 


6034 


47 


2.14 


0.7 6081 


6127 


6174 


6221 


6267 


6314 


6361 


6407 


6454 


6500 


47 


2.15 


0.7 6547 


6593 


6640 


6686 


6733 


6779 


6825 


6872 


6918 


6965 


47-46 


2.16 


0.7 7011 


7057 


7103 


7150 


71% 


7242 


7288 


7334 


7381 


7427 


46 


2.17 


0.7 7473 


7519 


7565 


7611 


7657 


7703 


7749 


7795 


7841 


7887 


46 


2.18 


0.7 7932 


7978 


8024 


8070 


8116 


8162 


8207 


8253 


8299 


8344 


46 


2.19 


0.7 8390 


8436 


8481 


8527 


8573 


8618 


8664 


8709 


8755 


8800 


46-45 


2.20 


0.7 8846 


8891 


8937 


8982 


9027 


9073 


9118 


9163 


9209 


9254 


45 


2.21 


0.7 9299 


9344 


9390 


9435 


9480 


9525 


9570 


9615 


9661 


9706 


45 


2.22 


0.7 9751 


9796 


9841 


9886 


9931 


9976 *0021 


0066 


0110 


0155 


45 


2.23 


0.8 0200 


0245 


0290 


0335 


0379 


0424 


0469 


0514 


0558 


0603 


45 


2.24 


0.8 0648 


0692 


0737 


0781 


0826 


0871 


0915 


0960 


1004 


1049 


45-44 


2.25 


0.8 1093 


1137 


1182 


1226 


1271 


1315 


1359 


1404 


1448 


1492 


44 


2.26 


0.8 1536 


1581 


1625 


1669 


1713 


1757 


1802 


1846 


1890 


1934 


44 


2.27 


0.8 1978 


2022 


2066 


2110 


2154 


2198 


2242 


2286 


2330 


2374 


44 


2.28 


0.8 2418 


2461 


2505 


2549 


2593 


2637 


2680 


2724 


2768 


2812 


44 


2.29 


0.8 2855 


2899 


2942 


2986 


3030 


3073 


3117 


3160 


3204 


3247 


44-43 


2.80 


0.8 3291 


3334 


3378 


3421 


3465 


3508 


3551 


3595 


3638 


3681 


43 


2.31 


0.8 3725 


3768 


3811 


3855 


3898 


3941 


3984 


4027 


4070 


4114 


43 


2.32 


0.8 4157 


4200 


4243 


4286 


4329 


4372 


4415 


4458 


4501 


4544 


43 


2.33 


0.8 4587 


4630 


4673 


4715 


4758 


4801 


4844 


4887 


4930 


4972 


43 


2.34 


0.8 5015 


5058 


5101 


5143 


5186 


5229 


5271 


5314 


5356 


5399 


43 


2.35 


0.8 5442 


5484 


5527 


5569 


5612 


5654 


5697 


5739 


5781 


5824 


43-49 


2.36 


0.8 5866 


5909 


5951 


5993 


6036 


6078 


6120 


6162 


6205 


6247 


43 


2.37 


0.8 6289 


6331 


6373 


6415 


6458 


6500 


6542 


6584 


6626 


6668 


42 


2.38 


0.8 6710 


6752 


6794 


6836 


6878 


6920 


6962 


7004 


7046 


7087 


43 


2.39 


0.8 7129 


7171 


7213 


7255 


7297 


7338 


7380 


7422 


7464 


7505 


43 


2.40 


0.8 7547 


7589 


7630 


7672 


7713 


7755 


7797 


7838 


7880 


7921 


43 


2.41 


0.8 7963 


8004 


8046 


8087 


8129 


8170 


8211 


8253 


8294 


8335 


41 


2.42 


0.8 8377 


8418 


8459 


8501 


8542 


8583 


8624 


8666 


8707 


8748 


41 


2.43 


0.8 8789 


8830 


8871 


8913 


8954 


8995 


9036 


9077 


9118 


9159 


41 


2.44 


0.8 9200 


9241 


9282 


9323 


9364 


9405 


9445 


9486 


9527 


9568 


41 


2.45 


0.8 9609 


9650 


9690 


9731 


9772 


9813 


9853 


9894 


9935 


9975 


41 


2.46 


0.9 0016 


0057 


0097 


0138 


0179 


0219 


0260 


0300 


0341 


0381 


41-40 


2.47 


0.9 0422 


0462 


0503 


0543 


0584 


0624 


0664 


0705 


0745 


0786 


40 


2.48 


0.9 0826 


0866 


0906 


0947 


0987 


1027 


1067 


1108 


1148 


1188 


40 


2.49 


0.9 1228 


1268 


1309 


1349 


1389 


1429 


1469 


1509 


1549 


1589 


40 


2.60 


0.91629 


1669 


1709 


1749 


1789 


1829 


1869 


1909 


1949 


1988 


40 
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Five- Place Natural Logarithms. 



No. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 


8.60 


0.9 1629 


1669 


1709 


1749 


1789 


1829 


1869 


1909 


1949 


1988 


40 


2.51 


0.9 2028 


2068 


2108 


2148 


2188 


2227 


2267 


2307 


2346 


2386 


40 


2.52 


0.9 2426 


2466 


2505 


2545 


2584 


2624 


2664 


2703 


2743 


2782 


40 


2.53 


0.9 2822 


2861 


2901 


2940 


2980 


3019 


3059 


3098 


3138 


3177 


40-39 


2.54 


0.93216 


3256 


3295 


3334 


3374 


3413 


3452 


3492 


3531 


3570 


39 


2.55 


0.9 3609 


3649 


3688 


3727 


3766 


3805 


3844 


3883 


3923 


3962 


39 


2.56 


0.9 4001 


4040 


4079 


4118 


4157 


4196 


4235 


4274 


4313 


4352 


39 


2.57 


0.9 4391 


4429 


4468 


4507 


4546 


4585 


4624 


4663 


4701 


4740 


39 


2.58 


0.9 4779 


4818 


4856 


4895 


4934 


4973 


5011 


5050. 


5089 


5127 


39 


2.59 


0.9 5166 


5204 


5243 


5282 


5320 


5359 


5397 


5436 


5474 


5513 


39-38 


2.60 


0.9 5551 


5590 


5628 


5666 


5705 


5743 


5782 


5820 


5858 


5897 


38 


2.61 


0.9 5935 


5973 


6012 


6050 


6088 


6126 


6165 


6203 


6241 


6279 


38 


2.62 


0.96317 


6356 


6394 


6432 


6470 


6508 


6546 


6584 


6622 


6660 


38 


2.63 


0.9 6698 


6736 


6774 


6812 


6850 


6888 


6926 


6964 


7002 


7040 


38 


2.64 


0.9 7078 


7116 


7154 


7191 


7229 


7267 


7305 


7343 


7380 


7418 


38 


2.65 


0.9 7456 


7494 


7531 


7569 


7607 


7644 


7682 


7720 


7757 


7795 


38 


2.66 


0.9 7833 


7870 


7908 


79<5 


7983 


8020 


8058 


8095 


8133 


8170 


38-37 


2.67 


0.9 8208 


8245 


8283 


8320 


8358 


8395 


8432 


8470 


8507 


8544 


37 


2.68 


0.9 8582 


8619 


8656 


8694 


8731 


8768 


8805 


8843 


8880 


8917 


37 


2.69 


0.9 8954 


8991 


9028 


9066 


9103 


9140 


9177 


9214 


9251 


9288 


37 


2.70 


0.9 9325 


9362 


9399 


9436 


9473 


9510 


9547 


9584 


9621 


9658 


37 


2.71 


0.9 9695 


9732 


9769 


9806 


9842 


9879 


9916 


9953 


9990 *0026 


37 


2.72 


1.00063 


0100 


0137 


0173 


0210 


0247 


0284 


0320 


0357 


0394 


37 


2.73 


1.0 0430 


0467 


0503 


0540 


0577 


0613 


0650 


0686 


0723 


0759 


37 


2.74 


1.0 0796 


0832 


0869 


0905 


0942 


0978 


1015 


1051 


1087 


1124 


36 


2.75 


1.01160 


1196 


1233 


]269 


1305 


1342 


1378 


1414 


1451 


1487 


36 


2.76 


1.0 1523 


1559 


1596 


1632 


1668 


1704 


1740 


1776 


1813 


1849 


36 


2.77 


1.0 1885 


1921 


1957 


1993 


2029 


2065 


2101 


2137 


2173 


2209 


36 


2.78 


1.0 2245 


2281 


2317 


2353 


2389 


2425 


2461 


2497 


2532 


2588 


36 


2.79 


1.0 2604 


2640 


2676 


2712 


2747 


2783 


2819 


2855 


2890 


2926 


36 


2.80 


1.0 2962 


2998 


3033 


3069 


3105 


3140 


3176 


3212 


3247 


3283 


36 


2.81 


1.03318 


3354 


3390 


3425 


3461 


3496 


3532 


3567 


3603 


3638 


36-35 


2.82 


1.0 3674 


3709 


3745 


3780 


3815 


3851 


3886 


3922 


3957 


3992 


35 


2.83 


1.04028 


4063 


4098 


4134 


4169 


4204 


4239 


4275 


4310 


4345 


35 


2.84 


1.0 4380 


4416 


4451 


4486 


4521 


4556 


4591 


4627 


4662 


4697 


35 


2.85 


1.0 4732 


4767 


4802 


4837 


4872 


4907 


4942 


4977 


5012 


5047 


35 


2.86 


1.0 5082 


5117 


5152 


5187 


5222 


5257 


5292 


5327 


5361 


5396 


35 


2.87 


1.0 5431 


5466 


5501 


5536 


5570 


5605 


5640 


5675 


5710 


5744 


35 


2.88 


1.0 5779 


5814 


5848 


5883 


5918 


5952 


5987 


6022 


6056 


6091 


35 


2.89 


1.0 6126 


6160 


6195 


6229 


6264 


6299 


6333 


6368 


6402 


6437 


35-34 


2.90 


1.06471 


6506 


6540 


6574 


6609 


6643 


6678 


6712 


6747 


6781 


34 


2.91 


1.0 6815 


6850 


6884 


6918 


6953 


6987 


7021 


7056 


7090 


7124 


34 


2.92 


1.0 7158 


7193 


7227 


7261 


7295 


7329 


7364 


7398 


7432 


7466 


34 


2.93 


1.0 7500 


7534 


7568 


7603 


7637 


7671 


7705 


7739 


7773 


7807 


34 


2.94 


1.0 7841 


7875 


7909 


7943 


7977 


8011 


8045 


8079 


8113 


8147 


34 


2.95 


1.0 8181 


8214 


8248 


8282 


8316 


8350 


8384 


8418 


8451 


8485 


34 


2.96 


1.0 8519 


8553 


8586 


8620 


8654 


8688 


8721 


8755 


8789 


8823 


34 


2.97 


1.0 8856 


8890 


8924 


8957 


8991 


9024 


9058 


9092 


9125 


9159 


34 


2.98 


1.09192 


9226 


9259 


9293 


9326 


9360 


9393 


9427 


9460 


9494 


34-33 


2.99 


1.09527 


9561 


9594 


9628 


9661 


9694 


9728 


9761 


9795 


9828 


33 


8.00 


1.09861 


9895 


9928 


9%1 


9994 


♦0028 


0061 


0094 


0128 


0161 


33 
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TABLES. 









Five-Place Natural Logarithms. 








No. 





1 


2 


8 


4 


6 


6 


7 


8 


9 


D. 


8.00 


1.09861 


9895 


9928 


9%1 


9994 


♦0028 


0061 


0094 


0128 


0161 


33 


3.01 


1.1 0194 


0227 


0260 


0294 


0327 


0360 


0393 


0426 


0459 


0493 


33 


3.02 


1.1 0526 


0559 


0592 


0625 


0658 


0691 


0724 


0757 


0790 


0823 


33 


3.03 


1.1 0856 


0889 


0922 


0955 


0988 


1021 


1054 


1087 


1120 


1153 


33 


3.04 


1.1 1186 


1219 


1252 


1284 


1317 


1350 


1383 


1416 


1449 


1481 


33 


3.05 


1.1 1514 


1547 


1580 


1612 


1645 


1678 


1711 


1743 


1776 


1809 


33 


3.06 


1.1 1841 


1874 


1907 


1939 


1972 


2005 


2037 


2070 


2103 


2135 


33 


3.07 


1.1 2168 


2200 


2233 


2265 


2298 


2330 


2363 


23% 


2428 


2460 


33-39 


3.08 


1.1 2493 


2525 


2558 


2590 


2623 


2655 


2688 


2720 


2752 


2785 


39 


3.09 


1.1 2817 


2849 


2882 


2914 


2946 


2979 


3011 


3043 


3076 


3108 


38 


8.10 


1.1 3140 


3172 


3205 


3237 


3269 


3301 


3334 


3366 


3398 


3430 


39 


3.11 


1.1 3462 


3494 


3527 


3559 


3591 


3623 


3655 


3687 


3719 


3751 


39 


3.12 


1.1 3783 


3815 


3847 


3879 


3911 


3943 


3955 


4007 


4039 


4071 


39 


3.13 


1.1 4103 


4135 


4167 


4199 


4231 


4263 


4295 


4327 


4359 


4390 


39 


3.14 


1.1 4422 


4454 


4486 


4518 


4550 


4581 


4613 


4645 


4677 


4708 


39 


3.15 


1.1 4740 


4772 


4804 


4835 


4867 


4899 


4931 


4%2 


4994 


5026 


39 


3.16 


1.1 5057 


5089 


5120 


5152 


5184 


5215 


5247 


5278 


5310 


5342 


39 


3.17 


1.1 5373 


5405 


5436 


5468 


5499 


5531 


5562 


5594 


5625 


5657 


39-31 


3.18 


1.15688 


5720 


5751 


5782 


5814 


5845 


5877 


5908 


5939 


5971 


31 


3.19 


1.16002 


6033 


6065 


60% 


6127 


6159 


6190 


6221 


6253 


6284 


31 


8.20 


1.1 6315 


6346 


6378 


6409 


6440 


6471 


6502 


6534 


6565 


65% 


31 


3.21 


1.1 6627 


6658 


6689 


6721 


6752 


6783 


6814 


6845 


6876 


6907 


31 


3.22 


1.1 6938 


6%9 


7000 


7031 


7062 


7093 


7124 


7155 


7186 


7217 


31 


3.23 


1.1 7248 


7279 


7310 


7341 


7372 


7403 


7434 


7465 


74% 


7526 


31 


3.24 


1.1 7557 


7588 


7619 


7650 


7681 


7712 


7742 


7773 


7804 


7835 


31 


3.25 


1.1 7865 


78% 


7927 


7958 


7989 


8019 


8050 


8081 


8111 


8142 


31 


3.26 


1.1 8173 


8203 


8234 


8265 


8295 


8326 


8357 


8387 


8418 


8448 


31 


3.27 


1.1 8479 


8510 


8540 


8571 


8601 


8632 


8662 


8693 


8723 


8754 


31-30 


3.28 


1.1 8784 


8815 


8845 


8876 


8906 


8937 


8%7 


8998 


9028 


9058 


30 


3.29 


1.1 9089 


9119 


9150 


9180 


9210 


9241 


9271 


9301 


9332 


9362 


30 


8.80 


1.1 9392 


9423 


9453 


9483 


9513 


9544 


9574 


9604 


9634 


9665 


30 


3.31 


1.1 %95 


9725 


9755 


9785 


9816 


9846 


9876 


9906 


9936 


9966 


30 


3.32 


1.1 99% *0027 


0057 


0087 


0117 


0147 


0177 


0207 


0237 


0267 


90 


3.33 


1.2 0297 


0327 


0357 


0387 


0417 


0447 


0477 


0507 


0537 


0567 


30 


3.34 


1.2 0597 


0627 


0657 


0687 


0717 


0747 


0777 


0806 


0836 


0866 


30 


3.35 


1.2 08% 


0926 


0956 


0986 


1015 


1045 


1075 


1105 


1135 


1164 


30 


3.36 


1.2 1194 


1224 


1254 


1283 


1313 


1343 


1373 


1402 


1432 


1462 


30 


3.37 


1.2 1491 


1521 


1551 


1580 


1610 


1640 


1669 


1699 


1728 


1758 


30 


3.38 


1.2 1788 


1817 


1847 


1876 


1906 


1935 


1965 


1994 


2024 


2053 


30 


3.39 


1.2 2083 


2112 


2142 


2171 


2201 


2230 


2260 


2289 


2319 


2348 


99 


8.40 


1.2 2378 


2407 


2436 


2466 


2495 


2524 


2554 


2583 


2613 


2642 


99 


3.41 


1.2 2671 


2701 


2730 


2759 


2788 


2818 


2847 


2876 


2906 


2935 


99 


3.42 


1.2 2%4 


2993 


3023 


3052 


3081 


3110 


3139 


3169 


3198 


3227 


99 


3.43 


1.2 3256 


3285 


3314 


3343 


3373 


3402 


3431 


3460 


3489 


3518 


99 


3.44 


1.2 3547 


3576 


3605 


3634 


3663 


3692 


3721 


3750 


3779 


3808 


99 


3.45 


1.2 3837 


3866 


3895 


3924 


3953 


3982 


4011 


4040 


4069 


4098 


99 


3.46 


1.2 4127 


4156 


4185 


4214 


4242 


4271 


4300 


4329 


4358 


4387 


99 


3.47 


1.24415 


4444 


4473 


4502 


4531 


4559 


4588 


4617 


4646 


4674 


99 


3.48 


1.2 4703 


4732 


4761 


4789 


4818 


4847 


4875 


4904 


4933 


4%2 


99 


3.49 


1.2 4990 


5019 


5047 


5076 


5105 


5133 


5162 


5191 


5219 


5248 


99 


8.60 


1.2 5276 


5305 


5333 


5362 


5391 


5419 


5448 


5476 


5505 


5533 


99-98 
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Five-Place Natural Logarithms. 



No. 





1 


2 


3 


4 


6 


6 


7 


8 





D. 


8.50 


1.2 5276 


5305 


5333 


5362 


5391 


5419 


5448 


5476 


5505 


5533 


99-S8 


3.51 


1.2 5562 


5590 


5619 


5647 


5675 


5704 


5732 


5761 


5789 


5818 


28 


3.52 


1.2 5846 


5875 


5903 


5931 


5960 


5988 


6016 


6045 


6073 


6101 


28 


3.53 


1.2 613a 


6158 


6186 


6215 


6243 


6271 


6300 


6328 


6356 


6384 


28 


3.54 


1.2 6413 


6441 


6469 


6497 


6526 


6554 


6582 


6610 


6638 


6667 


28 


3.55 


1.2 6695 


6723 


6751 


6779 


6807 


6836 


6864 


6892 


6920 


6948 


28 


3.56 


1.2 6976 


7004 


7032 


7060 


7088 


7116 


7144 


7172 


7201 


7229 


28 


3.57 


1.2 7257 


7285 


7313 


7341 


7369 


7397 


7424 


7452 


7480 


7508 


28 


3.58 


1.2 7536 


7564 


7592 


7620 


7648 


7676 


7704 


7732 


7759 


7787 


28 


3.59 


1.2 7815 


7843 


7871 


7899 


7927 


7954 


7982 


8010 


8038 


8066 


28 


8.60 


1.2 8093 


8121 


8149 


8177 


8204 


8232 


8260 


8288 


8315 


8343 


28 


3.61 


1.2 8371 


8398 


8426 


8454 


8482 


8509 


8537 


8564 


8592 


8620 


28 


3.62 


1.2 8647 


8675 


8703 


8730 


8758 


8785 


8813 


8841 


8868 


8896 


28 


3.63 


1.2 8923 


8951 


8978 


9006 


9033 


9061 


9088 


9116 


9143 


9171 


28-27 


3.64 


1.2 9198 


9226 


9253 


9281 


9308 


9336 


9363 


9390 


9418 


9445 


27 


3.65 


1.2 9473 


9500 


9527 


9555 


9582 


9610 


9637 


9664 


9692 


9719 


27 


3.66 


1.2 9746 


9774 


9801 


9828 


9856 


9883 


9910 


9937 


9965 


9992 


27 


3.67 


1.3 0019 


0046 


0074 


0101 


0128 


0155 


0183 


0210 


0237 


0264 


27 


3.68 


1.3 0291 


0318 


0346 


0373 


0400 


0427 


0454 


0481 


0508 


0536 


27 


3.69 


1.3 0563 


0590 


0617 


0644 


0671 


0698 


0725 


0752 


0779 


0806 


27 


8.70 


1.3 0833 


0860 


0887 


0914 


0941 


0968 


0995 


1022 


1049 


1076 


27 


3.71 


1.3 1103 


1130 


1157 


1184 


1211 


1238 


1265 


1292 


1319 


1345 


27 


3.72 


1.3 1372 


1399 


1426 


1453 


1480 


1507 


1534 


1560 


1587 


1614 


27 


3.73 


1.3 1641 


1668 


1694 


1721 


1748 


1775 


1802 


1828 


1855 


1882 


27 


3.74 


1.31909 


1935 


1962 


1989 


2015 


2042 


2069 


2096 


2122 


2149 


27 


3.75 


1.3 2176 


2202 


2229 


2256 


2282 


2309 


2335 


2362 


2389 


2415 


27 


3.76 


1.3 2442 


2468 


2495 


2522 


2548 


2575 


2601 


2628 


2654 


2681 


27 


3.77 


1.3 2708 


2734 


2761 


2787 


2814 


2840 


2867 


2893 


2919 


2946 


27-«8 


3.78 


1.3 2972 


2999 


3025 


3052 


3078 


3105 


3131 


3157 


3184 


3210 


26 


3.79 


1.3 3237 


3263 


3289 


3316 


3342 


3368 


3395 


3421 


3447 


3474 


26 


8.80 


1.3 3500 


3526 


3553 


3579 


3605 


3632 


3658 


3684 


3710 


3737 


26 


3.81 


1.3 3763 


3789 


3815 


3842 


3868 


3894 


3920 


3946 


3973 


3999 


26 


3.82 


1.3 4025 


4051 


4077 


4104 


4130 


4156 


4182 


4208 


4234 


4260 


26 


3.83 


1.3 4286 


4313 


4339 


4365 


4391 


4417 


4443 


4469 


4495 


4521 


26 


3.84 


1.3 4547 


4573 


4599 


4625 


4651 


4677 


4703 


4729 


4755 


4781 


26 


3.85 


1.3 4807 


4833 


4859 


4885 


4911 


4937 


4963 


4989 


5015 


5041 


26 


3.86 


1.3 5067 


5093 


5119 


5144 


5170 


5196 


5222 


5248 


5274 


5300 


26 


3.87 


1.3 5325 


5351 


5377 


5403 


5429 


5455 


5480 


5506 


5532 


5558 


26 


3.88 


1.3 5584 


5609 


5635 


5661 


5687 


5712 


5738 


5764 


5789 


5815 


26 


3.89 


1.3 5841 


5867 


5892 


5918 


5944 


5969 


5995 


6021 


6046 


6072 


26 


8.90 


1.3 6098 


6123 


6149 


6175 


6200 


6226 


6251 


6277 


6303 


6328 


26 


3.91 


1.3 6354 


6379 


6405 


6430 


6456 


6481 


6507 


6533 


6558 


6584 


26 


3.92 


1.3 6609 


6635 


6660 


6686 


6711 


6737 


6762 


6788 


6813 


6838 


26-25 


3.93 


1.3 6864 


6889 


6915 


6940 


6966 


6991 


7016 


7042 


7067 


7093 


25 


3.94 


1.3 7118 


7143 


7169 


7194 


7220 


7245 


7270 


7296 


7321 


7346 


25 


3.95 


1.3 7372 


7397 


7422 


7447 


7473 


7498 


7523 


7549 


7574 


7599 


25 


3.96 


13 7624 


7650 


7675 


7700 


7725 


7751 


7776 


7801 


7826 


7851 


25 


3.97 


1.3 7877 


7902 


7927 


7952 


7977 


8002 


8028 


8053 


8078 


8103 


25 


3.98 


1.3 8128 


8143 


8178 


8204 


8229 


8254 


8279 


8304 


8329 


8354 


25 


3.99 


1.3 8379 


8404 


8429 


8454 


8479 


8504 


8529 


8554 


8579 


8604 


25 


4.00 


U8629 


8654 


8679 


8704 


8729 


8754 


8779 


8804 


8829 


8854 


25 
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TABLES. 



Five-Plaoe Natural Logarithms. 



No. 





1 


2 


3 


4 


6 


6 


7 


8 





D. 


4.00 


1.3 8629 


8654 


8679 


8704 


8729 


8754 


8779 


8804 


8829 


8854 


25 


4.01 


1.3 8879 


8904 


8929 


8954 


8979 


9004 


9029 


9054 


9078 


9103 


35 


4.02 


1.3 9128 


9153 


9178 


9203 


9228 


9252 


9277 


9302 


9327 


9352 


S5 


4.03 


1.3 9377 


9401 


9426 


9451 


9476 


9501 


9525 


9550 


9575 


9600 


35 


4.04 


1.3 9624 


9649 


9674 


9699 


9723 


9748 


9773 


9798 


9822 


9847 


35 


4.05 


1.3 9872 


9896 


9921 


9946 


9970 


9995 *0020 


0044 


0069 


0094 


35 


4.06 


1.4 0118 


0143 


0168 


0192 


0217 


0241 


0266 


0291 


0315 


0340 


35 


4.07 


1.4 0364 


0389 


0413 


0438 


0463 


0487 


0512 


0536 


0561 


0585 


35 


4.08 


1.4 0610 


0634 


0659 


0683 


0708 


0732 


0757 


0781 


0806 


0830 


35HM 


4.09 


1.4 0854 


0879 


0903 


0928 


0952 


0977 


1001 


1025 


1050 


1074 


34 


4.10 


1.41099 


1123 


1147 


1172 


1196 


1221 


1245 


1269 


1294 


1318 


34 


4.11 


1.4 1342 


1367 


1391 


1415 


1440 


1464 


1488 


1512 


1537 


1561 


34 


4.12 


1.4 1585 


1610 


1634 


1658 


1682 


1707 


1731 


1755 


1779 


1804 


34 


4.13 


1.4 1828 


1852 


1876 


1900 


1925 


1949 


1973 


1997 


2021 


2045 


24 


4.14 


1.4 2070 


2094 


21]8 


2142 


2166 


2190 


2214 


2239 


2263 


2287 


34 


4.15 


1.4 2311 


2335 


2359 


2383 


2407 


2431 


2455 


2479 


2503 


2527 


34 


4,16 


1.4 2552 


2576 


2600 


2624 


2648 


2672 


2696 


2720 


2744 


2768 


34 


4:17 


1.4 2792 


2816 


2840 


2864 


2887 


2911 


2935 


2959 


2983 


3007 


34 


4.18 


1.4 3031 


3055 


3079 


3103 


3127 


3151 


3175 


3198 


3222 


3246 


34 


4.19 


1.4 3270 


3294 


3318 


3342 


3365 


3389 


3413 


3437 


3461 


3485 


34 


4.20 


1.4 3508 


3532 


3556 


3580 


3604 


3627 


3651 


3675 


3699 


3723 


34 


4.21 


1.4 3746 


3770 


3794 


3817 


3841 


3865 


3889 


3912 


3936 


3960 


24 


4.22 


» 1.4 3984 


4007 


4031 


4055 


4078 


4102 


4126 


4149 


4173 


4197 


34 


4.23 


1.4 4220 


4244 


4267 


4291 


4315 


4338 


4362 


4386 


4409 


4433 


34 


4.24 


' 1.44456 


4480 


4503 


4527 


4551 


4574 


4598 


4621 


4645 


4668 


34 


4.25 


1.4 4692 


4715 


4739 


4762 


4786 


4809 


4833 


4856 


4880 


4903 


34H93 


4.26 


1.4 4927 


4950 


4974 


4997 


5021 


50H 


5068 


5091 


5115 


5138 


S3 


4.27 


1.4 5161 


5185 


5208 


5232 


5255 


5278 


5302 


5325 


5349 


5372 


33 


4.28 


1.4 5395 


5419 


5442 


5465 


5489 


5512 


5535 


5559 


5582 


5605 


33 


4.29 


1.4 5629 


5652 


5675 


5699 


5722 


5745 


5768 


5792 


5815 


5838 


33 


4.80 


1.4 5862 


5885 


5908 


5931 


5954 


5978 


6001 


6024 


6047 


6071 


S3 


4.31 


1.46094 


6117 


6140 


6163 


6187 


6210 


6233 


6256 


6279 


6302 


33 


4.32 


1.4 6326 


6349 


6372 


6395 


6418 


6441 


6464 


6487 


6511 


6534 


S3 


4.33 


1.4 6557 


6580 


6603 


6626 


6649 


6672 


6695 


6718 


6741 


6764 


33 


4.34 


1.4 6787 


6810 


6834 


6857 


6880 


6903 


6926 


6949 


6972 


6995 


33 


4.35 


1.4 7018 


7041 


7064 


7087 


7109 


7132 


7155 


7178 


7201 


7224 


33 


4.36 


1.4 7247 


7270 


7293 


7316 


7339 


7362 


7385 


7408 


7431 


7453 


33 


4.37 


1.4 7476 


7499 


7522 


7545 


7568 


7591 


7614 


7636 


7659 


7682 


83 


4.38 


1.4 7705 


7728 


7751 


7773 


7796 


7819 


7842 


7865 


7887 


7910 


33 


4.39 


1.4 7933 


7956 


7978 


8001 


8024 


8047 


8070 


8092 


8115 


8138 


83 


4.40 


1.4 8160 


8183 


8206 


8229 


8251 


8274 


8297 


8319 


8342 


8365 


23 


4.41 


1.4 8387 


8410 


8433 


8455 


8478 


8501 


8523 


8546 


8569 


8591 


S3 


4.42 


1.4 8614 


8637 


8659 


8682 


8704 


8727 


8750. 


8772 


8795 


8817 


23 


4.43 


1.4 8840 


8863 


8885 


8908 


8930 


8953 


8975 \ 8998 


9020 


9043 


83 


4.44 


1.4 9065 


9088 


9110 


9133 


9155 


9178 


9200 


9223 


9245 


9268 


83 


4.45 


1.4 9290 


9313 


9335 


9358 


9380 


9403 


9425 


9448 


9470 


9492 


83-88 


4.46 


1.4 9515 


9537 


9560 


9582 


9605 


9627 


9649 


9672 


9694 


9716 


88 


4.47 


1.4 9739 


9761 


9784 


9806 


9828 


9851 


9873 


9895 


9918 


9940 


88 


4.48 


1.49962 


9985 *0007 


0029 


0052 


0074 


0096 


0118 


0141 


0163 


88 


4.49 


1.5 0185 


0208 


0230 


0252 


0274 


0297 


0319 


0341 


0363 


0386 


88 


4.50 


1.5 0408 


0430 


0452 


0474 


0497 


0519 


0541 


0563 


0585 


0608 


88 







1 


2 


3 


4 


5 


6 


7 


8 


9 





TABLES. 
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Five-Piace Natural Logarithms. 



No. 





1 2 


3 


4 


5 


6 


7 


8 


9 


D. 


4.60 


1.5 0408 


0430 0452 


0474 


0497 


0519 


0541 


0563 


0585 


0608 


99 


4.51 


1.5 0630 


0652 0674 


0696 


0718 


0741 


0763 


0785 


0807 


0829 


99 


4.52 


1.5 0851 


0873 0895 


0918 


0940 


0%2 


0984 


1006 


1028 


1050 


99 


4.53 


1.5 1072 


1094 1116 


1138 


1160 


1183 


1205 


1227 


1249 


1271 


99 


4.54 


1.5 1293 


1315 1337 


1359 


1381 


1403 


1425 


1447 


1469 


1491 


99 


4.55 


1.5 1513 


1535 1557 


1579 


1601 


1623 


1645 


1666 


1688 


1710 


29 -" ^ 


4.56 


1.5 1732 


U754 1776 
*1973 1995 


1798 


1820 


1842 


1864 


1886 


1908 


1929 


32 


4.57 


1.5 1951 


2017 


2039 


2061 


2083 


2104 


2126 


2148 


99 


4.58 


1.5 2170 


2192 2214 


2235 


2257 


2279 


2301 


2323 


2344 


2366 


22 


4.59 


1.5 2388 


2410 2432 


2453 


2475 


2497 


2519 


2540 


2562 


2584 


22 


4.60 


1.5 2606 


2627 2649 


2671 


2693 


2714 


2736 


2758 


2779 


2801 


22 


4.61 


1.5 2823 


2844 2866 


2888 


2910 


2931 


2953 


2975 


2996 


3018 


22 


4.62 


1.5 3039 


3061 3083 


3104 


3126 


3148 


3169 


3191 


3212 


3234 


22 


4.63 


1.5 3256 


3277 3299 


3320 


3342 


3364 


3385 


3407 


3428 


3450 


22 


4.64 


1.5 3471 


3493 3515 


3536 


3558 


3579 


3601 


3622 


3644 


3665 


22 


4.65 


1.5 3687 


3708 3730 


3751 


3773 


3794 


3816 


3837 


3859 


3880 


22-21 


4.66 


1.5 3902 


3923 3944 


3966 


3987 


4009 


4030 


4052 


4073 


4094 


21 


4.67 


1.5 4116 


4137 4159 


4180 


4202 


4223 


4244 


4266 


4287 


4308 


91 


4.68 


1.5 4330 


4351 4373 


4394 


4415 


4437 


4458 


4479 


4501 


4522 


91 


4.69 


1.5 4543 


4565 4586 


4607 


4629 


4650 


4671 


4692 


4714 


4735 


21 


4.70 


1.5 4756 


4778 4799 


4820 


4841 


4863 


4884 


4905 


4926 


4948 


21 


4.71 


1.5 4969 


4990 5011 


5032 


5054 


5075 


5096 


5117 


5138 


5160 


91 


4.72 


1.5 5181 


5202 5223 


5244 


5266 


5287 


5308 


5329 


5350 


5371 


91 


4.73 


1.5 5393 


5414 5435 


5456 


5477 


5498 


5519 


5540 


5562 


5583 


91 


4.74 


1.5 5604 


5625 5646 


5667 


5688 


5709 


5730 


5751 


5772 


5793 


91 


4.75 


1.5 5814 


5836 5857 


5878 


5899 


5920 


5941 


5962 


5983 


6004 


91 


4.76 


1.5 6025 


6046 6067 


6088 


6109 


6130 


6151 


6172 


6193 


6214 


91 


4.77 


1.5 6235 


6256 6277 


6298 


6318 


6339 


6360 


6381 


6402 


6423 


91 


4.78 


1.5 6444 


6465 6486 


6507 


6528 


6549 


6569 


6590 


6611 


6632 


91 


4.79 


1.5 6653 


6674 6695 


6716 


6737 


6757 


6778 


6799 


6820 


6841 


91 


4.80 


1.5 6862 


6882 6903 


6924 


6945 


6966 


6987 


7007 


7028 


7049 


91 


4.81 


1.5 7070 


7090 7111 


7132 


7153 


7174 


7194 


7215 


7236 


7257 


91 


4.82 


1.5 7277 


7298 7319 


7340 


7360 


7381 


7402 


7423 


7443 


7464 


91 


4.83 


1.5 7485 


7505 7526 


7547 


7567 


7588 


7609 


7629 


7650 


7671 


91 


4.84 


1.5 7691 


7712 7733 


7753 


7774 


7795 


7815 


7836 


7857 


7877 


91 


4.85 


1.5 7898 


7918 7939 


7960 


7980 


8001 


8022 


8042 


8063 


8083 


91 


4.86 


1.5 8104 


8124 8145 


8166 


8186 


8207 


8227 


8248 


8268 


8289 


91 


4.87 


1.5 8309 


8330 8350 


8371 


8391 


8412 


8433 


8453 


8474 


8494 


91-90 


4.88 


1.5 8515 


8535 8555 


8576 


8596 


8617 


8637 


8658 


8678 


8699 


90 


4.89 


1.5 8719 


8740 8760 


8781 


8801 


8821 


8842 


8862 


8883 


8903 


90 


4.90 


1.5 8924 


8944 8964 


8985 


9005 


9026 


9046 


9066 


9087 


9107 


20 


4.91 


1.5 9127 


9148 9168 


9188 


9209 


9229 


9250 


9270 


9290 


9311 


20 


4.92 


1.5 9331 


9351 9371 


9392 


9412 


9432 


9453 


9473 


9493 


9514 


20 


4.93 


1.5 9534 


955^ 9574 


9595 


9615 


9635 


9656 


9676 


9696 


9716 


90 


4.94 


1.5 9737 


9757 9777 


9797 


9817 


9838 


9858 


9878 


9898 


9919 


20 


4.95 


1.5 9939 


9959 9979 


9999 #0020 


0040 


0060 


0080 


0100 


0120 


20 


4.96 


1.6 0141 


0161 0181 


0201 


0221 


0241 


0261 


028? 


0302 


0322 


20 


4.97 


1.60342 


0362 0382 


0402 


0422 


0443 


0463 


0483 


0503 


0523 


20 


4.98 


1.60543 


0563 0583 


0603 


0623 


0643 


0663 


0683 


0704 


0724 


20 


4.99 


1.6 0744 


0764 0784 


0804 


0824 


0844 


0864 


0884 


0904 


0924 


20 


ff.00 


1.60944 


0964 0984 


1004 


1024 


1044 


1064 


1084 


1104 


1124 


20 







1 2 


3 


4 


6 


6 


7 


8 








138 



TABLES. 



Five-Place Natural Logarithms. 



No. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


D. 


5.0 


1.60944 


1144 


1343 


1542 


1741 


1939 


2137 


2334 


2531 


2728 


200-196 


5.1 


1.6 2924 


3120 


3315 


3511 


3705 


3900 


4094 


4287 


4481 


4673 


196-199 


5.2 


1.64866 


5058 


5250 


5441 


5632 


5823 


6013 


6203 


6393 


6582 


192-189 


5.3 


1.6 6771 


6959 


7147 


7335 


7523 


7710 


7896 


8083 


8269 


8455 


189-185 


5.4 


1.68640 


8825 


9010 


9194 


9378 


9562 


9745 


9928 *0111 


0293 


185-182 


5.5 


1.7 0475 


0656 


0838 


1019 


1199 


1380 


1560 


1740 


1919 


2098 


182-179 


5.6 


1.7 2277 


2455 


2633 


2811 


2988 


3166 


3342 


3519 


3695 


3871 


178-176 


5.7 


1.74047 


4222 


4397 


4572 


4746 


4920 


5094 


5267 


5440 


5613 


175-173 


5.8 


1.7 5786 


5958 


6130 


6302 


6473 


6644 


6815 


6985 


7156 


7326 


172-170 


5.9 


1.7 7495 


7665 


7834 


8002 


8171 


8339 


8507 


8675 


8842 


9009 


16^167 


6.0 


1.79176 


9342 


9509 


9675 


9840 


•0006 


0171 


0336 


0500 


0665 


167-164 


6.1 


1.8 0829 


0993 


1156 


1319 


1482 


1645 


1808 


1970 


2132 


2294 


164-161 


6.2 


1.8 2455 


2616 


2777 


2938 


3098 


3258 


3418 


3578 


3737 


3896 


161-159 


6.3 


1.8 4055 


4214 


4372 


4530 


4688 


4845 


5003 


5160 


5317 


5473 


159.-156 


6.4 


1.8 5630 


5786 


5942 


6097 


6253 


6408 


6563 


6718 


6872 


7026 


156-154 


6.5 


1.8 7180 


7334 


7487 


7641 


7794 


7947 


8099 


8251 


8403 


8555 


154-152 


6.6 


1.8 8707 


8858 


9010 


9160 


9311 


9462 


9612 


9762 


9912 ^0061 


151-149 


6.7 


1.90211 


0360 


0509 


0658 


0806 


0954 


1102 


1250 


1398 


1545 


14^147 


6.8 


1.9 1692 


1839 


1986 


2132 


2279 


2425 


2571 


2716 


2862 


3007 


147-145 


6.9 


1.9 3152 


3297 


3442 


3586 


3730 


3874 


4018 


4162 


4305 


4448 


145-143 


7.0 


1.9 4591 


4734 


4876 


5019 


5161 


5303 


5445 


5586 


5727 


5869 


143-141 


7.1 


1.96009 


6150 


6291 


6431 


6571 


6711 


6851 


6991 


7130 


7269 


141-139 


7.2 


1.9 7408 


7547 


7685 


7824 


7962 


8100 


8238 


8376 


8513 


8650 


139-137 


7.3 


1.9 8787 


8924 


9061 


9198 


9334 


9470 


9606 


9742 


9877 ^0013 


137-135 


7.4 


2.0 0148 


0283 


0418 


0553 


0687 


0821 


0956 


1089 


1223 


1357 


135-133 


7.5 


2.0 1490 


1624 


1757 


1890 


2022 


2155 


2287 


2419 


2551 


2683 


133-132 


7.6 


2.0 2815 


2946 


3078 


3209 


3340 


3471 


3601 


3732 


3862 


3992 


131-130 


7.7 


2.04122 


4252 


4381 


4511 


4640 


4769 


4898 


5027 


5156 


5284 


130-128 


7.8 


2.0 5412 


5540 


5668 


5796 


5924 


6051 


6179 


6306 


6433 


6560 


128-127 


7.9 


2.06686 


6813 


6939 


7065 


7191 


7317 


7443 


7568 


7694 


7819 


127-125 


8.0 


2.0 7944 


8069 


8194 


8318 


8443 


8567 


8691 


8815 


8939 


9063 


125-124 


8.1 


2.0 9186 


9310 


9433 


9556 


9679 


9802 


9924 ♦0047 


0169 


0291 


123-122 


8.2 


2.1 0413 


0535 


0657 


0779 


0900 


1021 


1142 


1263 


1384 


1505 


122-121 


8.3 


2.1 1626 


1746 


1866 


1986 


2106 


2226 


2346 


2465 


2585 


2704 


120-119 


8.4 


2.1 2823 


2942 


3061 


3180 


3298 


3417 


3535 


3653 


3771 


3889 


119-118 


8.5 


2.14007 


4124 


4242 


4359 


4476 


4593 


4710 


4827 


4943 


5060 


118-116 


8.6 


2.1 5176 


5292 


5409 


5524 


5640 


5756 


5871 


5987 


6102 


6217 


116-115 


8.7 


2.1 6332 


6447 


6562 


6677 


6791 


6905 


7020 


7134 


7248 


7361 


115-114 


8.8 


2.1 7475 


7589 


7702 


7816 


7929 


8042 


8155 


8267 


8380 


8493 


114-119 


8.9 


2.1 8605 


8717 


8830 


8942 


9054 


9165 


9277 


9389 


9500 


9611 


112-111 


9.0 


2.1 9722 


9834 


9944 «0055 


0166 


0276 


0387 


0497 


0607 


0717 


111-110 


9.1 


2.2 0827 


0937 


1047 


1157 


1266 


1375 


1485 


1594 


1703 


1812 


110-109 


9.2 


2.2 1920 


2029 


2138 


2246 


2354 


2462 


2570 


2678 


2786 


2894 


109-108 


9.3 


2.2 3001 


3109 


3216 


3324 


3431 


3538 


3645 


3751 


3858 


3%5 


107-106 


9.4 


2.2 4071 


4177 


4284 


4390 


4496 


4601 


4707 


4813 


4918 


5024 


106-105 


9.5 


2.2 5129 


5234 


5339 


5444 


5549 


5654 


5759 


5863 


5968 


6072 


105-104 


9.6 


2.2 6176 


6280 


6384 


6488 


6592 


66% 


6799 


6903 


7006 


7109 


104-103 


9.7 


2.2 7213 


7316 


7419 


7521 


7624 


7727 


7829 


7932 


8034 


8136 


103-109 


9.8 


2.2 8238 


8340 


8442 


8544 


8646 


8747 


8849 


8950 


9051 


9152 


102-101 


9.9 


2.2 9253 


9354 


9455 


9556 


9657 


9757 


9858 


9958 ♦0058 


0158 


101-100 


10.0 


2.3 0259 


0358 


0458 


0558 


0658 


0757 


0857 


0956 


1055 


1154 


100-99 







1 


2 


3 


4 


5 


6 


7 


8 
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TABLES. 
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The Natural Logarithms (each increased by 10.) of Numbers between 0.00 and 0.99. 



No. 





1 


2 


3 


4 


6 


6 


7 


8 


9 


0.0 




5.395 


6.088 


6.493 


6.781 


7.004 


7.187 


7.341 


7.474 


7.592 


0.1 


7.697 


7.793 


?.880 


7.960 


8.034 


8.103 


8.167 


8.228 


8.285 


8.339 


0.2 


8.391 


8.439 


8.486 


8.530 


8.573 


8.614 


8.653 


8.691 


8.727 


8.762 


0.3 


8.796 


8.829 


8.861 


8.891 


8.921 


8.950 


8.978 


9.006 


9.032 


9.058 


0.4 


9.084 


9.108 


9.132 


9.156 


9.179 


9.201 


9.223 


9.245 


9.266 


9.287 


0.5 


9.307 


9.327 


9.346 


9.365 


9.384 


9.402 


9.420 


9.438 


9.455 


9.472 


0.6 


9.489 


9.506 


9.522 


9.538 


9.554 


9.569 


9.584 


9.600 


9.614 


9.629 


0.7 


9.643 


9.658 


9.671 


9.685 


9.699 


9.712 


9.726 


9.739 


9.752 


9.764 


0.8 


9.777 


9.789 


9.802 


9.814 


9.826 


9.837 


9.849 


9.861 


9.872 


9.883 


0.9 


9.895 


9.906 


9.917 


9.927 


9.938 


9.949 


9.959 


9.970 


9.980 


9.990 



Note : logeX = logio» • log« 10 = (2.30260) logio x. 





The Natural Logarithms of Whole Numbers from 10 to 209. 




No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


1 


2.3026 


3979 


4849 


5649 


6391 


7080 


7726 


8332 


8904 


9444 


2 


2.9957 


♦0445 


0910 


1355 


1781 


2189 


2581 


2958 


3322 


3673 


3 


3.4012 


4340 


4657 


4965 


5264 


5553 


5835 


6109 


6376 


6636 


4 


3.6889 


7136 


7377 


7612 


7842 


8067 


8286 


8501 


8712 


8918 


5 


3.9120 


9318 


9512 


9703 


9890 


*0073 


0254 


0431 


0604 


0775 


6 


4.0943 


1109 


1271 


1431 


1589 


1744 


1897 


2047 


2195 


2341 


7 


4.2485 


2627 


2767 


2905 


3041 


3175 


3307 


3438 


3567 


3694 


8 


4.3820 


3944 


4067 


4188 


4308 


4427 


4543 


4659 


4773 


4886 


9 


4.4998 


5109 


5218 


5326 


5433 


5539 


5643 


5747 


5850 


5951 


10 


4.6052 


6151 


6250 


6347 


6444 


6540 


6634 


6728 


6821 


6913 


11 


4.7005 


7095 


7185 


7274 


7362 


7449 


7536 


7622 


7707 


7791 


12 


4.7875 


7958 


8040 


8122 


8203 


8283 


8363 


8442 


8520 


8598 


13 


4.8675 


8752 


8828 


8903 


8978 


9053 


9127 


9200 


9273 


9345 


14 


4.9416 


9488 


9558 


9628 


%98 


9767 


9836 


9904 


9972 


♦0039 


15 


5.0106 


0173 


0239 


0304 


0370 


0434 


0499 


0562 


0626 


0689 


16 


5.0752 


0814 


0876 


0938 


0999 


1059 


1120 


1180 


1240 


1299 


17 


5.1358 


1417 


1475 


1533 


1591 


1648 


1705 


1762 


1818 


1874 


18 


5.1930 


1985 


2040 


2095 


2149 


2204 


2257 


2311 


2364 


2417 


19 


5.2470 


2523 


2575 


2627 


2679 


2730 


2781 


2832 


2883 


2933 


20 


5.2983 


3033 


3083 


3132 


3181 


3230 


3279 


3327 


3375 


3423 



Note : logs 10 = 2.30258509. 



loge 100 = 4.60517019. 
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TABLES. 



The Common Logarithms of F (n) for Values of n between 1 and 2. 
r(n)= j x»»-i.e-*cte= j log- dx. 



n 


5 

o 
o 


n 


o 
o 

I-H 


n 


5 

o 

O 

1— I 


n 


pT 
s 


n 


J 


1.01 


1.9975 


1.21 


1.9617 


1.41 


1.9478 


1.61 


T.9517 


1.81 


1.9704 


1.02 


1.9951 


1.22 


1.9605 


1.42 


1.9476 


1.62 


1.9523 


1.82 


1.9717 


1.03 


1.9928 


1.23 


1.9594 


1.43 


1.9475 


1.63 


1.9529 


1.83 


1.9730 


1.04 


1.9905 


1.24 


1.9583 


1.44 


r.9473 


1.64 


1.9536 


1.84 


1.9743 


1.05 


1.9883 


1.25 


1.9573 


1.45 


1.9473 


1.65 


1.9543 


1.85 


1.9757 


1.06 


T.9862 


1.26 


1.9564 


1.46 


T.9472 


1.66 


1.9550 


1.86 


1.9771 


1.07 


T.9841 


1.27 


1.9554 


1.47 


1.9473 


1.67 


T.9558 


1.87 


1.9786 


1.08 


1.9821 


1.28 


1.9546 


1.48 


1.9473 


1.68 


T.9566 


1.88 


1.9800 


1.09 


1.9802 


1.29 


1.9538 


1.49 


1.9474 


1.69 


1.9575 


1.89 


1.9815 


1.10 


1.9783 


1.30 


1.9530 


1.50 


1.9475 


1.70 


1.9584 


1.90 


T.9831 


1.11 


1.9765 


1.31 


1.9523 


1.51 


1.9477 


1.71 


1.9593 


1.91 


1.9846 


1.12 


1.9748 


1.32 


1.9516 


1.52 


1.9479 


1.72 


1.9603 


1.92 


T.9862 


1.13 


1.9731 


1.33 


1.9510 


1.53 


1.9482 


1.73 


1.9613 


1.93 


1.9878 


1.14 


1.9715 


1.34 


1.9505 


1.54 


1.9485 


1.74 


1.9623 


1.94 


1.9895 


1.15 


1.9699 


1.35 


1.9500 


1.55 


1.9488 


1.75 


1.9633 


1.95 


1.9912 


1.16 


1.9684 


1.36 


1.9495 


1.56 


1.9492 


1.76 


T.9644 


1.96 


1.9929 


1.17 


1.9669 


1.37 


1.9491 


1.57 


1.9496 


1.77 


1.9656 


1.97 


1.9946 


1.18 


1.9655 


1.38 


1.9487 


1.58 


1.9501 


1.78 


1.9667 


1.98 


1.9964 


1.19 


T.9642 


1.39 


T.9483 


1.59 


1.9506 


1.79 


1.9679 


1.99 


1.9982 


1.20 


l.%29 


1.40 


1.9481 


1.60 


1.9511 


1.80 


l.%91 


2.00 


0.0000 



r(2 + i) = i;-r(2), z>i. 



► 
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NATURAL TRIGONOMETRIC FUNCTIONS. 



Angle. 


Sin. 


Csc. 


Tan. 


Ctn. 


Sec. 


Cob. 




0° 


0.000 


00 


0.000 


00 


1.000 


1.000 


90° 


1 


0.017 


57.30 


0.017 


57.29 


1.000 


1.000 


89 


2 


0.035 


28.65 


0.035 


28.64 


1.001 


0.999 


88 


3 


0.052 


19.11 


0.052 


19.08 


1.001 


0.999 


87 


4 


0.070 


14.34 


0.070 


1430 


1.002 


0.998 


86 


6° 


0.087 


11.47 


0.087 


11.43 


1.004 


0.996 


85° 


6 


0.105 


9.567 


0.105 


9.514 


1.006 


0.995 


84 


7 


0.122 


8.206 


0.123 


8.144 


1.008 


0.993 


83 


8 


0.139 


7.185 


0.141 


7.115 


1.010 


0.990 


82 


9 


0.156 


6.392 


0.158 


6314 


1.012 


0.988 


81 


10° 


0.174 


5.759 


0.176 


5.671 


1.015 


0.985 


80° 


11 


0.191 


5.241 


0.194 


5.145 


1.019 


0.982 


79 


12 


0.208 


4.810 


0.213 


4.705 


1.022 


0.978 


78 


13 


0.225 


4.445 


0.231 


4.331 


1.026 


0.974 


77 


14 


0.242 


4.134 


0.249 


4.011 


1.031 


0.970 


76 


15° 


0.259 


3.864 


0.268 


3.732 


1.035 


0.966 


75° 


16 


0.276 


3.628 


0.287 


3.487 


1.040 


0.961 


74 


17 


0.292 


3.420 


0.306 


3.271 


1.046 


0.956 


73 


18 


0.309 


3.236 


0.325 


3.078 


1.051 


0.951 


72 


19 


0.326 


3.072 


0.344 


2.904 


1.058 


0.946 


71 


""Sb^ 


0342 


2.924 


0.364 


2.747 


1.064 


0.940 


70° 


21 


0358 


2.790 


0.384 


2.605 


1.071 


0.934 


69 


22 


0375 


2.669 


0.404 


2.475 


1.079 


0.927 


68 


23 


0391 


2.559 


0.424 


2.356 


1.086 


0.921 


67 


24 


0.407 


2.459 


0.445 


2.246 


1.095 


0.914 


66 


26° 


0.423 


2366 


0.466 


2.145 


1.103 


0.906 


65° 


26 


0.438 


2.281 


0.488 


2.050 


1.113 


0.899 


64 


27 


0.454 


2.203 


0.510 


1.963 


1.122 


0.891 


63 


28 


0.469 


2.130 


0.532 


1.881 


1.133 


0.883 


62 


29 


0.485 


2.063 


0.554 


1.804 


1.143 


0.875 


61 


30° 


0.500 


2.000 


0.577 


1.732 


• 1.155 


0.866 


60° 


81 


0.515 


1.942 


0.601 


1.664 


1.167 


0.857 


59 


32 


0.530 


1.887 


0.625 


1.600 


1.179 


0.848 


58 


33 


0.545 


1.836 


0.649 


1.540 


1.192 


0.839 


57 


34 


0.559 


1.788 


0.675 


1.483 


1.206 


0.829 


56 


35° 


0.574 


1.743 


0.700 


1.428 


1.221 


0.819 


55« 


36 


0.588 


1.701 


0.727 


1376 


1.236 


0.809 


54 


37 


0.602 


1.662 


0.754 


1.327 


1.252 


0.799 


53 


38 


0.616 


1.624 


0.781 


1.280 


1.269 


0.788 


52 


39 


0.629 


1.589 


0.810 


1.235 


1.287 


0.777 


51 


40° 


0.643 


1.556 


0.839 


1.192 


1305 


0.766 


60° 


41 


0.656 


1.524 


0.869 


1.150 


1325 


0.755 


49 


42 


0.669 


1.494 


0.900 


1.111 


1.346 


0.743 


48 


43 


0.682 


1.466 


0.933 


1.072 


1367 


0.731 


47 


44 


0.695 


1.440 


0.966 


1.036 


1390 


0.719 


46 


450 


0.707 


1.414 


1.000 


1.000 


1.414 


0.707 


46° 




Cot. 


See. 


Ctn. 


Tan. 


Csc. 


sin. 


Angle. 
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TABLES. 

Logarithnuii 



N 


1 2 8 4' 5 


6 7 


8 9 


P.P. 

1. 2* 3. 4- 5 


lO 


0000 0043 0086 0128 0170 


0212 


0253 0294 0334 0374 


4. 8.12.17.21 


11 


0414 0453 0492 0531 0569 


0607 


0645 0682 


0719 0755 


4 8.11.1519 


12 


0792 0828 0864 0899 0934 


0969 


1004 1038 


1072 1106 


3. 7.10.14.17 


13 


1139 1173 1206 1239 1271 


1303 


1335 1367 


1899 1430 


3. 610.1346 


14 
15 


1461 1492 1528 1553 1584 


1614 


1644 1678 


1703 1732 


3' 6. 9.12-15 


1761 1790 1818 1847 1875 


1903 


1931 1969 


1987 2014 


3. 6. 8.11.14 


16 


2041 2068 2095 2122 2148 


2175 


2201 2227 


2253 2279 


3. 5. 81113 


17 


2804 2330 2855 2380 2405 


2430 2455 2480 2504 2529 


2. 5. 7.10.12 


18 


2663 2577 2601 2625 2648 


2672 


2695 2718 


2742 2765 


2. 5> 7. 9.12 


19 
20 


2788 2810 2838 2856 2878 


2900 


2923 2945 


2967 2989 


2. 4. 7. 911 


3010 3032 3054 3075 8096 


8118 


3139 8160 


8181 3201 


2. 4. 6. 8 11 


21 


8222 8243 3263 3284 3304 


3324 


8845 8865 


3885 8404 


2. 4. 6. 8.10 


22 


8424 3444 3464 8483 3502 


3522 


8541 3560 


3679 3598 


2. 4. 6. 8.10 


28 


3617 3636 3665 3674 3692 


3711 


8729 8747 


8766 8784 


2. 4. 6. 7. 9 


24 
25 


3802 3820 3838 8856 8874 


3892 


8909 3927 


8945 8962 


2. 4. 6* 7. 9 


8979 3997 4014 4031 4048 


4065 


4082 4099 


4110 4138 


2 3. 6. 7. 9 


26 


4150 4166 4183 4200 4216 


4232 


4249 4265 


4281 4298 


2- 3- 5. 7- 8 


27 


4314 4330 4846 4362 4878 


4393 


4409 4425 


4440 4466 


2. 3. 5. 6. 8 


28 


4472 4487 4602 4518 4538 


4548 


4564 4679 


4594 4600 


2. 3- 5- 6- 8 


29 
80 


4624 4639 4654 4669 4683 


4698 


4713 4728 


4742 4757 


1. 3. 4. 6. 7 


4771 4786 4800 4814 4829 


4843 


4857 4871 


4886 4900 


1. 3. 4. 6. 7 


31 


4914 4928 4942 4955 4969 


4983 


4997 5011 


5024 5038 


1. 3. 4. 6. 7 


32 


6051 6065 5079 5092 5105 


5119 


5182 6146 


5159 5172 


1- 3. 4. 6. 7 


33 


5185 5198 5211 6224 5287 


5250 


6268 5276 


5289 6302 


1. 3. 4. 5. 6 


34 
85 


6315 5328 5340 5363 5366 


5378 


6391 5408 


5416 6428 


1. 3. 4. 6. 6 


6441 5453 6465 5478 5490 


5502 


6614 6527 


6539 5651 


1. 2. 4. 6* 6 


86 


5563 6575 5587 5599 5611 


6628 


6636 6647 


5658 6670 


1. 2. 4. 6* 6 


37 


5682 6694 5705 5717 5729 


6740 


5752 5763 


5775 5786 


1- 2. 3. 5. 6 


38 


5798 5809 5821 5832 6843 


5855 


5866 6877 


5888 6899 


1. 2. 3. 5. 6 


39 
40 


5911 5922 6933 5944 5965 


5966 


5977 5988 


6999 6010 


1.2. 8.4. 6 


6021 6031 6042 6053 6064 


6075 


6085 6096 


6107 6117 


1- 2. 3. 4. 5 


41 


6128 6138 6149 6160 6170 


6180 6191 6201 


6212 6222 


1. 2. 3. 4. 5 


42 


62S2 6243 6263 6263 6274 


6284 


6294 6304 


6314 6325 


1. 2. 3. 4. 5 


48 


6335 6845 6355 6366 6875 


6385 


6396 6405 


6415 6425 


1. 2. 3. 4. 5 


44 
45 


6485 6444 6464 6464 6474 


6484 


6493 6508 


6613 6522 


1. 2. 3. 4. 5 


6532 6542 6551 6561 6571 


6580 


6590 6599 


6609 6618 


1. 2. 3. 4. 5 


46 


6628 6637 6646 6656 6665 


6675 


6684 6693 


6702 6712 


1- 2. 3. 4. 5 


47 


6721 6730 6789 6749 6758 


6767 


.6776 6785 


6794 6808 


1. 2. 8. 4. 5 


48 


6812 6821 6830 6839 6848 


6867 


6866 6875 


6884 6893 


1. 2. 3. 4. 4 


49 
50 


6902 6911 6920 6928 6937 


6946 


6955 6964 


6972 6981 


1. 2. 3. 4. 4 


6990 6998 7007 7016 7024 


7033 


7042 7060 7059 7067 


1. 2. 3. 8. 4 


51 


7076 7084 7093 7101 7110 


7118 


7126 7135 


7143 7162 


1. 2. 8. 8. 4 


62 


7160 7168 7177 7185 7193 


7202 


7210 7218 


7226 7236 


1. 2- 2. 3. 4 


63 


7243 7261 7259 7267 7275 


7284 7292 7300 7308 7316 


1. 2. 2. 3. 4 


64 


7324 7332 7340 7348 7356 


7364 7372 7380 7388 7396 


1. 2. 2. 8. 4 



None, — TblB page and the three that follow it are taken from the Mathematioal 
TubJes of Prof. J. M. Pelrce, publiBhed by Mcbbtb. QtVnxv & Oo. 
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Logarithma 








N 


12 3 4 5 


6 


7 8 


9 


p.p. 

1. 2. 3. 4. 5 


95 


7404 7412 7419 7427 7435 


7443 


7451 


7459 7466 7474 


1- 2. 2. 8. 4 


56 


7482 7490 7497 7505 7513 


7520 


7528 


7536 7543 


7551 


1-2. 2- 8- 4 


57 


7559 7566 7574 7582 7589 


7597 


7604 7612 7619 


7627 


1.2.2.8.4 


58 


7634 7642 7649 7657 7664 


7672 


7679 7686 7694 7701 


1. 1. 2. 8. 4 


59 
60 


7709 7716 7728 7731 7738 


7745 


7752 


7760 7767 


7774 


1. 1. 2. 8 4 


7782 7789 7796 7803 7810 


7818 


7825 


7832 7839 


7846 


1. 1. 2. 3. 4 


61 


7858 7860 7868 7875 7882 


7889 


7896 7908 7910 7917 | 


1- 1. 2. 8- 4 


62 


7924 7931 7938 7945 7952 


7959 


7966 


7978 7980 


7987 


1 1- 2. 3. 3 


63 


7993 8000 8007 8014 8021 


8028 


8035 


8041 8048 


8055 


1- 1. 2. 3. 3 


64 
65 


8062 8069 8076 8082 8089 


8096 


8102 


8109 8116 


8122 


1. 1. 2. 3. 3 


8129 8136 8142 8149 8156 


8162 


8169 


8176 8182 


8189 


1. 1- 2. 3. 3 


66 


8195 8202 8209 8215 8222 


8228 


8235 


8241 8248 


8254 


1. 1. 2. 3. 3 


67 


8261 8267 8274 8280 8287 


8293 


8299 


8306 8312 


8319 


1. 1. 2. 3. 3 


68 


8325 8331 8338 8344 8351 


8357 


8363 


8370 8376 


8382 


1. 1. 2. 3. 3 


69 
70 


8388 8395 8401 8407 8414 


8420 


8426 


8432 8439 


8445 


1. 1. 2. 3. 8 


8451 8457 8463 8470 8476 


8482 


8488 


8494 8500 


8506 


1. 1. 2. 2. 3 


71 


8518 8519 8525 8531 8537 


8543 


8549 


8555 8561 


8567 


1.1.2.2.3 


72 


8573 8579 8585 8591 8597 


8603 


8609 


8615 8621 


8627 


1. 1. 2. 2. 3 


73 


8633 8639 8645 8651 8657 


8663 


8669 


8675 8681 


8686 


1. 1. 2. 2- 3 


74 
75 


8692 8698 8704 8710 8716 


8722 


8727 


8733 8739 


8746 


1. 1. 2- 2. 3 


8751 8756 8762 8768 8774 


8779 


8785 


8791 8797 


8802 


1. 1. 2. 2. 8 


76 


8808 8814 8820 8825 8831 


8837 


8842 


8848 8854 8859 


1. 1. 2. 2- 3 


77 


8866 8871 8876 8882 8887 


8893 


8899 


8904 8910 8915 


1. 1. 2. 2. 3 


78 


8921 8927 8932 8938 8943 


8949 


8954 


8960 8965 


8971 


1. 1. 2. 2. 3 


79 
80 


8976 8982 8987 8993 8998 


9004 


9009 


9016 9020 9025 


1. 1. 2. 2. 3 


9031 9036 9042 9047 9053 


9058 


9063 


9069 9074 9079 


1. 1. 2. 2. 3 


81 


9085 9090 9096 9101 9106 


9112 


9117 


9122 9128 


9133 


1. 1. 2. 2. 3 


82 


9138 9143 9149 9154 9159 


9165 


9170 9175 9180 


9186 


1. 1. 2. 2 8 


83 


9191 9196 9201 9206 9212 


9217 


9222 


9227 9232 


9238 


1. 1. 2. 2. 3 


84 
85 


9243 9248 9253 9258 9263 


9269 


9274 9279 9284 9289 


1. 1. 2. 2. 3 


9294 9299 9304 9309 9315 


9320 


9325 


9330 9335 


9340 


1. 1. 2 2. 3 


86 


9345 9350 9355 9360 9365 


9370 9376 9380 9386 


9390 


1. 1. 2. 2. 3 


87 


9395 9400*9405 9410 9415 


9420 


9425 


9430 9435 


9440 


0. 1. 1. 2. 2 


88 


9445 9450 9455 9460 9465 


9469 9474 9479 9484 


9489 


0. 1. 1. 2. 2 


89 
90 


9494 9499 9504 9509 9613 


9518 


9523 


9528 9533 


9538 


0. 1. 1. 2. 2 


9542 9547 9552 9557 9562 


9566 


9571 


9576 9581 


9586 


0- 1. 1. 2. 2 


91 


9590 9595 9600 9605 9609 


9614 9619 


9624 9628 


9633 


0. 1. 1. 2. 2 


92 


9638 9648 9647 9652 9657 


9661 


9666 


9671 9675 


9680 


0. 1.1.2-2 


93 


9685 9689 9694 9699 9703 


9708 


9713 


9717 9722 


9727 


0. 1. 1. 2. 2 


94 
95 


9731 9736 9741 9745 9750 


9754 9759 


9763 9768 


9773 


1.1.2-2 


9777 9782 9786 9791 9796 


9800 


9806 


9809 9814 


9818 


0. 1- 1. 2. 2 


96 


9823 9827 9832 9836 9841 


9846 


9850 


9854 9859 


9863 


0. 1- 1. 2. 2 


97 


9868 9872 9877 9881 9886 


9890 


9894 


9899 9903 


9908 


0. 1. 1. 2- 2 


98 


9912 9917 9921 9926 9930 


9934 


9939 


9943 9948 


9962 


1. 1. 2. 2 


99 


9956 9961 9965 9969 9974 | 9978 


9983 


9987 9991 


9996 


0- 1. 1. 2. 2 [ 




lo^ Tr= 0.49715- 


" • 


loge= 


o.AaAas^. 







- 


144 






TABLES. 


















Logarithms. 












N 


— 



1 


2 8 4 5 


6 


7 


8 


9 10 




lOO 


0000 


0004 


0009 0013 0017 


0022 


0026 


0030 


0035 


0039 


0043 




101 


0043 


0048 


0062 0056 0060 


0065 


0069 


0073 


0077 


0082 


0086 




102 


0086 


0090 


0095 0099 0103 


0107 


0111 


0116 


0120 0124 1 


0128 




103 


0128 


0133 


0137 0141 0145 


0149 


0154 0158 


0162 


0166 


0170 




104 
105 


0170 


0175 


0179 0183 0187 


0191 


0195 


0199 


0204 


0208 


0212 




0212 


0216 


0220 0224 0228 


0233 


0237 


0241 


0245 


0249 


0253 




106 


0253 


0257 


0261 0266 0269 


0273 


0278 


0282 


0286 0290 1 


0294 




107 


0294 0298 


0302 0306 0310 


0314 0318 


0322 


0326 


0330 


0334 




108 


0334 0338 


0342 0346 0350 


0354 0358 


0362 


0366 


0370 


0374 




109 
llO 


0374 


0378 


0382 0386 0390 


0394 0398 


0402 


0406 


0410 


0414 




0414 


0418 


0422 0426 0430 


0434 0438 


0441 


0445 


0449 


0453 




111 


0453 


0457 


0461 0465 0469 


0473 


0477 


0481 


0484 0488 


0492 




112 


0492 


0496 


0500 0504 0508 


0512 


0515 


0519 


0523 


0527 


0531 




113 


0531 


0535 


0538 0542 0546 


0550 


0554 0558 


0561 


0565 


0569 




114 
115 


0569 


0573 


0577 0580 0584 


i0588 


0592 


0596 


0599 


0603 


0607 




0607 


0611 


0615 0618 0622 


0626 


0630 


0633 0637 


0641 


0645 




116 


0645 


0648 


0652 0656 0660 


0663 


0667 


0671 


0674 


0678 


0682 




117 


0682 


0686 


0689 0693 0697 


0700 


0704 


0708 


0711 


0715 


0719 




118 


0719 


0722 


0726 0730 0734 


0737 


0741 


0745 


0748 


0752 


0755 




119 
ISO 


0755 


0759 


0763 0766 0770 


0774 


0777 


0781 


0785 


0788 


0792 




0792 


0795 


0799 0803 0806 


0810 


0813 


0817 


0821 


0824 


0828 




121 


0828 


0831 


0835 0839 0842 


0846 


0849 


0853 0856 


0860 


0864 




122 


0864 


0867 


0871 0874 0878 


0881 


0885 


0888 


0892 


0896 


0899 




123 


0899 


0903 


0906 0910 0913 


0917 


0920 


0924 


0927 


0931 


0984 




124 
135 


0934 


0938 


0941 0945 0948 


0952 


0955 


0959 


0962 


0966 


0969 




0969 


0973 


0976 0980 0983 


0986 


0990 


0993 


0997 


1000 


1004 




126 


1004 


1007 


1011 1014 1017 


1021 


1024 


1028 


1031 


1035 


1038 




127 


1038 


1041 


1045 1048 1052 


1055 


1059 


1062 


1065 


1069 


1072 




128 


1072 


1075 


1079 1082 1086 


1089 


1092 


1096 


1099 


1103 


1106 




129 
130 


1106 


1109 


1113 1116 1119 


1123 


1126 


1129 


1133 


1136 


1139 




1139 


1143 


1146 1149 1153 


1156 


1159 


1163 


1166 


1169 


1173 




181 


1173 


1176 


1179 1183 1186 


1189 


1193 


1196 


1199 


1202 


1206 




132 


1206 


1209 


1212 1216 1219 


1222 


1225 


1229 


1232 


1235 


1239 




133 


1239 


1242 


1245 1248 1252 


1256 


1258 


1261 


1265 


1268 


1271 




134 
135 


1271 


1274 


1278 1281 1284 


1287 


1290 


1294 


1297 


1300 


1303 




1303 


1307 


1310 1313 1316 


1319 


1323 


1326 


1329 


1332 


1386 




136 


1335 


1339 


1342 1345 1348 


1351 


1355 


1358 


1361 


1364 


1367 




137 


1367 


1370 


1374 1377 1380 


1383 


1386 


1389 


1392 


1396 


1399 




188 


1399 


1402 


1405 1408 1411 


1414 


1418 


1421 


1424 1427 


1430 




139 
140 


1430 


1433 


1436 1440 1443 


1446 


1449 


1452 


1455 


1458 


1461 




1461 


1464 


1467 1471 1474 


1477 


1480 


1483 


1486 


1489 


1492 




141 


1492 


1495 


1498 1601 1504 


1508 


1511 


1514 


1517 


1520 


1523 




142 


1523 


1526 


1529 1532 1535 


1538 


1541 


1544 1547 


1550 


1553 




143 


1553 


1556 


1559 1562 1565 


1569 


1572 


1575 


1578 


1581 


1584 




144 
145 


1584 


1587 


1590 1593 1596 


1599 


1602 


1605 


1608 


1611 


1614 




1614 


1617 


1620 1623 1626 


1629 


1632 


1635 


1638 


1641 


1644 
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1644 


1647 


1649 1652 1665 


1658 


1661 


1664 


1667 


1670 


1673 




U7 


1673 


1676 


1679 1682 1685 


1688 


1691 


1694 


1697 


1700 


1703 
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1703 


1706 


1708 1711 1714 


1717 


1720 


1723 


1726 


1729 


1732 


i 


149 ^ 


1732 


1735 


1738 1741 1744 


1746 


1749 


1752 


1755 


1758 


1761 
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Logarithms. 



N 





1 


2 3 4 5 6 7 


8 


9 10 


150 


1761 


1764 


1767 1770 1772 


1776 1778 1781 


1784 


1787 


1790 


151 


1790 


1793 


1796 1798 1801 


1804 1807 1810 


1813 


1816 


1818 


152 


1818 


1821 


1824 1827 1830 


1833 1836 1838 


1841 


1844 


1847 


153 


1847 


1850 


1853 1855 1858 


1861 1864 1867 


1870 


1872 


1875 


154 
155 


1875 


1878 


1881 1884 1886 


1889 1892 1895 


1898 


1901 


1903 


1903 


1906 


1909 1912 1915 


1917 1920 1923 


1926 


1928 


1931 


156 


1931 


1934 


1937 1940 1942 


1945 1948 1951 


1958 


1956 


1959 


157 


1959 


1962 


1965 1967 1970 


1973 1976 1978 


1981 


1984 


1987 


158 


1987 


1989 


1992 1995 1998 


2000 2003 2006 


2009 


2011 


2014 


159 
160 


2014 


2017 


2019 2022 2026 


2028 2030 2033 


2036 


2038 


2041 


2041 


2044 


2047 2049 2062 


2055 2057 2060 


2063 


2066 


2068 


161 


2068 


2071 


2074 2076 2079 


2082 2084 2087 


2090 2092 1 


2096 


162 


2095 


2098 


2101 2103 2106 


2109 2111 2114 


2117 


2119 


2122 


163 


2122 


2125 


2127 2130 2133 


2136. 2138 2140 


2143 


2146 


2148 


164 
165 


2148 


2151 


2154 2156 2169 


2162 2164 2167 


2170 2172 


2176 


2175 


2177 


2180 2183 2186 


2188*2191 2193 


2196 


2198 


2201 


166 


2201 


2204 


2206 2209 2212 


2214 2217 2219 


2222 


2226 


2227 


167 


2227 


2230 


2232 2235 2238 


2240 2243 2245 


2248 


2261 


2253 


168 


2253 


2256 


2258 2261 2263 


2266 2269 2271 


2274 2276 | 


2279 


169 
170 


2279 


2281 


2284 2287 2289 


2292 2294 2297 


2299 


2302 


2304 


2304 2307 


2310 2312 2315 


2317 2320 2322 


2326 


2327 


2330 


171 


2330 2333 


2336 2338 2340 


2343 2345 2348 


2350 


2353 


2355 


172 


2355 


2358 


2360 2363 2365 


2368 2370 2373 


2375 


2378 


2380 


173 


2380 


2383 


2385 2388 2390 


2393 2396 2398 


2400 


2403 


2405 


174 
175 


2405 


2408 


2410 2413 2415 


2418 2420 2423 


2425 


2428 


2430 

2466 


2430 


2433 


2436 2438 2440 


2443 2446 2448 


2450 2453 


178 


2455 


2458 


2460 2463 2466 


2467 2470 2472 


2476 


2477 


2480 


177 


2480 


2482. 


2485 2487 2490 


2492 2494 2497 


2499 


2602 


2504 


178 


2504 2507 


2509 2512 2514 


2516 2519 2521 


2624 


2626 


2529 


179 
180 


2529 


2531 


2633 2536 2638 


2641 2543 2545 


2548 


2660 


2553 


2553 


2555 


2558 2560 2562 


2566 2567 2570 2572 


2574 


2577 


181 


2577 


2579 


2582 2584 2586 


2689 2691 2594 


2696 


2598 


2601 


182 


2601 


2603 


2605 2608 2610 


2613 2615 2617 


2620 


2622 


2626 


183 


2625 


2627 


2629 2632 2634 


2636 2639 2641 


2643 


2646 


2648 


184 
185 


2648 


2651 


2653 2656 2668 


2660 2662 2665 


2667 


2669 


2672 


2672 


2674 2676 2679 2681 


2683 2686 2688 


2690 


2693 


2695 


186 


2695 


2697 


2700 2702 2704 


2707 2709 2711 


2714 


2716 


2718 


187 


2718 


2721 


2723 2725 2728 


2730 2732 2736 


2737 


2739 


2742 


188 


2742 


2744 2746 2749 2751 | 


2763 2765 2768 


2760 


2762 


2765 


189 
190 


2765 


2767 


2769 2772 2774 


2776 2778 2781 


2783 


2785 


2788 


2788 


2790 


2792 2794 2797 


2799 2801 2804 


2806 


2808 


2810 


191 


2810 


2813 


2816 2817 2819 


2822 2824 2826 


2828 


2831 


2838 


192 


2833 


2835 


2838 2840 2842 


2844 2847 2849 


2851 


2863 


2856 


193 


2856 


2858 


2860 2862 2865 


2867 2869 2871 


2874 2876 | 


2878 


194 
195 


2878 2880 2882 28^5 2887 


2889 2891 2894 


2896 


2898 


2900 


2900 2903 


2905 2907 2909 


2911 2914 2916 


2918 


2920 


2923 


196 


2923 


2925 


2927 2929 2931 


2934 2936 2938 


2940 


2942 


2945 


197 


2945 


2947 


2949 2951 2953 


2956 2958 2960 


2962 


2964 


2967 


198 


2967 


2969 


2971 2973 2975 


2978 2980 2982 


2984 


2986 


2989 


199 


2989 


2991 


2993 2996 2997 


2999 3002 3004 


3006 


3008 


3010 
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Trigonometric Functions. 



■ADIANS. 


DBGRBBS. 


SINSS. 


cosims. 


TANGBNTS. 


COTANGBNTS. 










Nat. Log. 


Nat. Log. 


Nat. Log. 


Nat. Log. 






0.0000 


QPW 


.0000 00 


1.0000 0.0000 


.0000 00 


00 00 


90^00' 


1.5708 


0.0029 


10 


.0029 7.4637 


1.0000 .0000 


.0029 7.4637 


343.77 2.5363 


50 


1.5679 


0.0058 


20 


.0058 .7648 


1.0000 .0000 


.0058 .7648 


171.89 .2352 


40 


1.5650 


0.0087 


30 


.0087 .9408 


1.0000 .0000 


.0087 .9409 


114.59 .0591 


30 


1.5621 


0.0116 


40 


.0116 8.0658 


.9999 .0000 


.0116 8.0658 


85.940 1.9342 


20 


1.5592 


0.0145 


50 


.0145 .1627 


.9999 .0000 


.0145 .1627 


68.750 .8373 


10 


1.5563 


0.0175 


POO' 


.0175 8.2419 


.9998 9.9999 


.0175 8.2419 


57.290 1.7581 


2^W 


1.5533 


0.020+ 


10 


.0204 J088 


.9998 .9999 


.0204 .3089 


49.104 .6911 


50 


1.5504 


0.0233 


20 


.0233 .3668 


.9997 .9999 


.0233 .3669 


42.964 .6331 


40 


1.5475 


0.0262 


30 


.0262 .4179 


.9997 .9999 


.0262 .4181 


38.188 .5819 


30 


1.5446 


0.0291 


40 


.0291 .4637 


.9996 .9998 


.0291 .4638 


34.368 .5362 


20 


1.5417 


0.0320 


50 


.0320 .5050 


.9995 .9998 


.0320 .5053 


31.242 .4947 


LO 


1.5388 


0.0349 


2^00' 


.0349 8.5428 


.9994 9.9997 


.0349 8.5431 


28.636 1.4569 


88^^00' 


1.5359 


0.0378 


10 


.0378 .5776 


.9993 .9997 


.0378 .5779 


26.432 .4221 


50 


1.5330 


0.0407 


20 


.0407 .6097 


.9992 .9996 


.0407 .6101 


24.542 .3899 


40 


1.5301 


0.0436 


30 


.0436 .6397 


.9990 .9996 


.0437 .6401 


22.904 .3599 


30 


1.5272 


0.0465 


40 


.0465 .6677 


.9989 .9995 


.0466 .6682 


21.470 .3318 


20 


1.5243 


0.0495 


50 


.0494 .6940 


.9988 .9995 


.0495 .6945 


20.206 .3055 


10 


1.5213 


0.0524 


3°00' 


.0523 8.7188 


.9986 9.9994 


.0524 8.7194 


19.081 1.2806 


87° 00' 


1.5184 


0.0553 


10 


.0552 .7423 


.9985 .9993 


.0553 .7429 


18.075 .2571 


50 


1.5155 


0.0582 


20 


.0581 .7645 


.9983 .9993 


.0582 .7652 


17.169 .2348 


40 


1.5126 


0.0611 


30 


.0610 .7857 


.9981 .9992 


.0612 .7865 


16.350 .2135 


30 


1.5097 


0.0640 


40 


.0640 .8059 


.9980 .9991 


.0641 .8067 


15.605 .1933 


20 


1.5068 


0.0669 


50 


.0669 .8251 


.9978 .9990 


.0670 .8261 


14.924 .1739 


10 


1.5039 


0.0698 


4°00' 


.0698 8.8436 


.9976 9.9989 


.0699 8.8446 


14.301 1.1554 


86^00' 


1.5010 


0.0727 


10 


.0727 .8613 


.9974 .9989 


.0729 .8624 


13.727 .1376 


50 


1.4981 


0.0756 


20 


.0756 .8783 


.9971 .9988 


.0758 .8795 


13.197 .1205 


40 


1.4952 


0.0785 


30 


.0785 .8946 


.9%9 .9987 


.0787 .8960 


12.706 .1040 


30 


1.4923 


0.0814 


40 


.0814 .9104 


.9%7 .9986 


.0816 .9118 


12.251 .0882 


20 


1.4893 


0.0844 


50 


.0843 .9256 


.9964 .9985 


.0846 .9272 


11.826 .0728 


10 


1.4864 


0.0873 


5°00' 


.0872 8.9403 


.9%2 9.9983 


.0875 8.9420 


11.430 1.0580 


85° 00' 


1.4835 


0.0902 


10 


.0901 .9545 


.9959 .9982 


.0904 .9563 


11.059 .0437 


50 


1.4806 


0.0931 


20 


.0929 .9682 


.9957 .9981 


.0934 .9701 


10.712 .0299 


40 


1.4777 


0.0960 


30 


.0958 .9816 


.9954 .9980 


.0963 .9836 


10.385 .0164 


30 


1.4748 


0.0989 


40 


.0987 .9945 


.9951 .9979 


.0992 .9966 


10.078 .0034 


20 


1.4719 


0.1018 


50 


.1016 9.0070 


.9948 .9977 


.1022 9.0093 


9.7882 0.9907 


10 


1.4690 


0.1047 


6^00' 


.1045 9.0192 


.9945 9.9976 


.1051 9.0216 


9.5144 0.9784 


84° 00' 


1.4661 


0.1076 


10 


1074 .0311 


.9942 .9975 


.1080 .0336 


9.2553 .9664 


50 


1.4632 


0.1105 


20 


.1103 .0426 


.9939 .9973 


.1110 .0453 


9.0098 .9547 


40 


1.4603 


0.1134 


30 


.1132 .0539 


.9936 .9972 


.1139 .0567 


8.7769 .9433 


30 


1.4574 


0.1164 


40 


.1161 .0648 


.9932 .9971 


.1169 .0678 


8.5555 .9322 


20 


1.4544 


0.1193 


50 


.1190 .0755 


.9929 .9%9 


.1198 .0786 


8.3450 .9214 


10 


1.4515 


0.1222 


7° 00' 


.1219 9.0859 


.9925 9.9968 


.1228 9.0891 


8.1443 0.9109 


83° 00' 


1.4486 


0.1251 


10 


.1248 .0961 


.9922 .9966 


.1257 .0995 


7.9530 .9005 


50 


1.4457 


0.1280 


20 


.1276 .1060 


.9918 .9964 


.1287 .1096 


7.7704 .8904 


40 


1.4428 


0.1309 


30 


.1305 .1157 


.9914 .9963 


.1317 .1194 


7.5958 .8806 


30 


1.4399 


0.1338 


40 


.1334 .1252 


.9911 .9%1 


.1346 .1291 


7.4287 .8709 


20 


1.4370 


0.1367 


50 


.1363 .1345 


.9907 .9959 


.1376 .1385 


7.2687 .8615 


10 


1.4341 


0.1396 


8^00' 


.1392 9.1436 


.9903 9.9958 


.1405 9.1478 


7.1154 0.8522 


82° 00' 


1.4312 


0.1425 


10 


.1421 .1525 


.9899 .9956 


.1435 .1569 


6.9682 .8431 


50 


1.4283 


0.1454 


20 


.1449 .1612 


.9894 .9954 


.1465 .1658 


6.8269 .8342 


40 


1.4254 


0.1484 


30 


.1478 .1697 


.9890 .9952 


.1495 .1745 


6.6912 .8255 


30 


1.4224 


0.1513 


40 


.1507 .1781 


.9886 .9950 


.1524 .1831 


6.5606 .8169 


20 


1.4195 


0.2542^ 


50 


.1536 .1863 


.9881 .9948 


.1554 .1915 


6.4348 .8085 


10 


1.4166 


0.1571 1 


9^atr/.J564 9.1943 


.9877 9.9946 


. .1584 9.1997 


6.3138 0.8003 


81° OO' 


1.4137 




1 NsLt. Log. 


Nat. Log. 


\ Hal. \jo%. \ lil^x.. \ja%. I 


\ 


V ^ 


1 


/ COSINSS. 


SINBS. 


\ COTKHGTtt^TS, 


\ TK'SO'W!VT&. 


VsVCKBS! 


S>^IA\IO»». 





» 




TABLES. 






147 




Trigonometric Functions. 




RADIANS. 


DBGRBBS. 


SINES. 


COSINES. 


TANGENTS. 


COTANGENTS. 










Nat. Log. 


Nat. Log. 


Nat. Log. 


Nat. Log. 






0.1571 


9^00' 


.1564 9.1943 


.9877 9.9946 


.1584 9.1997 


6.3138 0.8003 


81° 00' 


1.4137 


0.1600 


10 


.1593 .2022 


.9872 .9944 


.1614 .2078 


6.1970 .7922 


50 


1.4108 


0.1629 


20 


.1622 .2100 


.9868 .9942 


.1644 .2158 


6.0844 .7842 


40 


1.4079 


0.1658 


30 


.1650 .2176 


.9863 .9940 


.1673 .2236 


5.9758 .7764 


30 


1.4050 


0.1687 


40 


.1679 .2251 


.9858 .9938 


.1703 .2313 


5.8708 .7687 


20 


1.4021 


0.1716 


50 


.1708 .2324 


.9853 .9936 


.1733 .2389 


5.7694 .7611 


10 


1.3992 


0.1745 


10° OO' 


.1736 9.2397 


.9848 9.9934 


.1763 9.2463 


5.6713 0.7537 


80° 00' 


13963 


0.1774 


10 


.1765 .2468 


.9843 .9931 


.1793 .2536 


5.5764 .7464 


50 


1.3934 


0.1804 


20 


.1794 .2538 


.9838 .9929 


.1823 .2609 


5.4845 .7391 


40 


1.3904 


0.1833 


30 


.1822 .2606 


.9833 .9927 


.1853 .2680 


5.3955 .7320 


30 


1.3875 


0.1862 


40 


.1851 .2674 


.9827 .9924 


.1883 .2750 


5.3093 .7250 


20 


1.3846 


0.1891 


50 


.1880 .2740 


.9822 .9922 


.1914 .2819 


5.2257 .7181 


10 


1.3817 


0.1920 


11° OO' 


.1908 9.2806 


.9816 9.9919 


.1944 9.2887 


5.1446 0.7113 


79° 00' 


1.3788 


0.1949 


10 


.1937 .2870 


.9811 .9917 


.1974 .2953 


5.0658 .7047 


50 


1.3759 


0.1978 


20 


.1965 .2934 


.9805 .9914 


.2004 3020 


4.9894 .6980 


40 


1.3730 


0.2007 


30 


.1994 .2997 


.9799 .9912 


.2035 .3085 


4.9152 .6915 


30 


1.3701 


0.2036 


40 


.2022 .3058 


.9793 .9909 


.2065 3149 


4.8430 .6851 


20 


1.3672 


0.2065 


50 


.2051 .3119 


.9787 .9907 


.2095 .3212 


4.7729 .6788 


10 


1.3643 


0.2094 


12° Oa 


.2079 9.3179 


.9781 9.9904 


.2126 9.3275 


4.7046 0.6725 


78° 00' 


1.3614 


0.2123 


10 


.2108 .3238 


.9775 .9901 


.2156 .3336 


4.6382 .6664 


50 


13584 


0.2153 


20 


.2136 3296 


.9769 .9899 


.2186 .3397 


4.5736 .6603 


40 


1.3555 


0.2182 


30 


.2164 .3353 


.9763 .9896 


.2217 .3458 


4.5107 .6542 


30 


1.3526 


0.2211 


40 


.2193 .3410 


.9757 .9893 


.2247 3517 


4.4494 .6483 


20 


1.3497 


0.2240 


50 


.2221 .3466 


.9750 .9890 


.2278 3576 


4.3897 .6424 


10 


1.3468 


0.2269 


13° OO' 


.2250 9.3521 


.9744 9.9887 


.2309 9.3634 


4.3315 0.6366 


77° 00' 


1.3439 


0.2298 


10 


.2278 3575 


.9737 .9884 


.2339 .3691 


4.2747 .6309 


50 


1.3410 


0.2327 


20 


.2306 3629 


.9730 .9881 


.2370 .3748 


4.2193 .6252 


40 


1.3381 


0.2356 


30 


.2334 .3682 


.9724 .9878 


.2401 .3804 


4.1653 .6196 


30 


1.3352 


0.2385 


40 


.2363 3734 


.9717 .9875 


.2432 3859 


4.1126 .6141 


20 


13323 


0.2414 


50 


.2391 3786 


.9710 .9872 


.2462 .3914 


4.0611 .6086 


10 


13294 


0.2443 


14° OO' 


.2419 9.3837 


.9703 9.9869 


.2493 9.3968 


4.0108 O6032 


76° 00' 


1.3265 


0.2473 


10 


.2447 3887 


.9696 .9866 


.2524 .4021 


3.9617 .5979 


50 


1.3235 


0.2502 


20 


.2476 .3937 


.9689 .9863 


.2555 .4074 


3.9136 .5926 


40 


1.3206 


0.2531 


30 


.2504 3986 


.9681 .9859 


.2586 .4127 


3.8667 .5873 


30 


13177 


0.2560 


40 


.2532 .4035 


.9674 .9856 


.2617 .4178 


3.8208 .5822 


20 


13148 


0.2589 


50 


.2560 .4083 


.9667 .9853 


.2648 .4230 


3.7760 .5770 


10 


13119 


0.2618 


150 00' 


.2588 9.4130 


.9659 9.9849 


.2679 9.4281 


3.7321 0.5719 


75° 00' 


13090 


0.2647 


10 


.2616 .4177 


.9652 .9846 


.2711 .4331 


3.6891 .5669 


50 


1.3061 


0.2676 


20 


.2644 .4223 


.9644 .9843 


.2742 .4381 


3.6470 .5619 


40 


1.3032 


0.2705 


30 


.2672 .4269 


.9636 .9839 


.2773 .4430 


3.6059 .5570 


30 


1.3003 


0.2734 


40 


.2700 .4314 


.9628 .9836 


.2805 .4479 


3.5656 .5521 


20 


1.2974 


0.2763 


50 


.2728 .4359 


.9621 .9832 


.2836 .4527 


3.5261 .5473 


10 


1.2945 


0.2793 


16^00' 


.2756 9.4403 


.9613 9.9828 


'.2867 9.4575 


3.4874 0.5425 


74° 00' 


1.2915 


0.2822 


10 


.2784 .4447 


.9605 .9825 


.2899 .4622 


3.4495 .5378 


50 


1.2886 


0.2851 


20 


.2812 .4491 


.9596 .9821 


.2931 .4669 


3.4124 .5331 


40 


1.2857 


0.2880 


30 


.2840 .4533 


.9588 .9817 


.2962 .4716 


3.3759 .5284 


30 


1.2828 


0.2909 


40 


.2868 .4576 


.9580 .9814 


.2994 .4762 


3.3402 .5238 


20 


1.2799 


0.2938 


50 


.2896 .4618 


.9572 .9810 


.3026 .4808 


3.3052 .5192 


10 


1.2770 


0.2%7 


17° OO' 


.2924 9.4659 


.9563 9.9806 


.3057 9.4853 


3.2709 0.5147 


73° 00' 


1.2741 


0.2996 


10 


.2952 .4700 


.9555 .9802 


.3089 .4898 


3.2371 .5102 


50 


1.2712 


0.3025 


20 


.2979 .4741 


.9546 .9798 


.3121 .4943 


3.2041 .5057 


40 


1.2683 


0.3054 


30 


3007 .4781 


.9537 .9794 


.3153 .4987 


3.1716 .5013 


30 


1.2654 


0.3083 


40 


3035 .4821 


.9528 .9790 


.3185 .5031 


3.1397 .4969 


20 


1.2625 


0.3113 


50 


3062 .4861 


.9520 .9786 


.3217 .5075 


3.1084 .4925 


10 


1.2595 


0.3142 


18° OO' 


.3090 9.4900 


.9511 9.9782 


.3249 9.5118 


,5.0771 QA^l 


v11°<5f5f 


vVX'y^ 




/ Nat. Log. 


Nat. Log. 


^ Hat. 1jo%. 


\ l^;A. \JQ^. 


V-A 


1 j COSISRS. 
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Trigonometric Functions. 








XADIANS. 


DBGRBB.S. 


SINK. 


C08INBS. 


TANGBNTS. 


COTANGENTS. 






0.3142 


18° Oa 


Nat. Log. 
3090 9.4900 


Nat. Log. 
.9511 9.9782 


Nat. Log. 
.3249 9.5118 


Nat Log. 

3.0777 0.4382 


72° OO' 


1.2566 


0.3171 


10 


.3118 .4939 


.9502 .9778 


.3281 .5161 


3.0475 .4839 


50 


1.2537 


0.3200 


20 


.3145 .4977 


.9492 .9774 


.3314 .5203 


3.0178 .4797 


40 


1.2506 


0.3229 


30 


3173 .5015 


.9483 .9770 


.3346 .5245 


2.9887 .4755 


30 


1.2479 


0.3258 


40 


.3201 .5052 


.9474 .9765 


.3378 .5287 


2.9600 .4713 


20 


1.2450 


0.3287 


50 


.3228 .5090 


.9465 .9761 


.3411 .5329 


2.9319 .4671 


10 


1.2421 


0.3316 


19^00' 


3256 9.5126 


.9455 9.9757 


.3443 9.5370 


2.9042 0.4630 


71° OO' 


1.2392 


0.3345 


10 


3283 .5163 


.9446 .9752 


.3476 .5411 


2.8770 .4589 


50 


1.2363 


0.3374 


20 


.3311 .5199 


.9436 .9748 


.3508 .5451 


2.8502 .4549 


40 


1.2334 


0.3403 


30 


.3338 .5235 


.9426 .9743 


.3541 .5491 


2.8239 .4509 


30 


1.2305 


0.3432 


40 


3365 .5270 


.9417 .9739 


.3574 .5531 


2.7980 .4469 


20 


1.2275 


0.3462 


50 


3393 .5306 


.9407 .9734 


.3607 .5571 


2.7725 .4429 


10 


1.2246 


0.3491 


2a>00' 


3420 9,5341 


.9397 9.9730 


.3640 9.5611 


2.7475 0.4389' 


70° OO' 


1.2217 


0.3520 


10 


.3448 .5375 


.9387 .9725 


.3673 .5650 


2.7228 .4350 


50 


1.2188 


0.3549 


20 


3475 .5409 


.9377 .9721 


.3706 .5689 


2.6985 .4311 


40 


1.2159 


0.3578 


30 


.3502 .5443 


.9367 .9716 


.3739 .5727 


2.6746 .4273 


30 


1.2130 


0.3607 


40 


3529 .5477 


.9356 .9711 


3772 .5766 


2.6511 .4234 


20 


1.2101 


0.3636 


50 


3557 .5510 


.9346 .9706 


.3805 .5804 


2.6279 .4196 


10 


1.2072 


0.3665 


21^ OO' 


3584 9.5543 


.9336 9.9702 


.3839 9.5842 


2.6051 0.4158 


69° OO' 


1.2043 


0.3694 


10 


3611 .5576 


.9325 .9697 


.3872 .5879 


2.5826 .4121 


50 


1.2014 


0.3723 


20 


.3638 .5609 


.9315 .9692 


.3906 .5917 


2.5605 .4083 


40 


1.1985 


0.3752 


30 


3665 .5641 


.9304 .9687 


.3939 .5954 


25386 .4046 


30 


1.1956 


0.3782 


40 


.3692 .5673 


.9293 .9682 


.3973 .5991 2.5172 ,4009 


20 


1.1926 


0.3811 


50 


3719 .5704 


.9283 .9677 


.4006 .6028 


2.4960 3972 


10 


1.1897 


0.3840 


22° OO' 


.3746 9.5736 


.9272 9.9672 


.4040 9.6064 


2.4751 0.3936 


68° OO' 


1.1868 


0.3869 


10 


3773 .5767 


.9261 .9667 


.4074 .6100 


2.4545 .3900 


50 


1.1839 


0.3898 


20 


.3800 .5798 


.9250 .9661 


.4108 .6136 


2.4342 3864 


40 


1.1810 


0.3927 


30 


.3827 .5828 


.9239 .9656 


.4142 ,6172 


2.4142 .3828 


30 


1.1781 


0.3956 


40 


.3854 .5859 


.9228 .9651 


.4176 .6208 


2.3945 3792 


20 


1.1752 


0.3985 


50 


.3881 .5889 


.9216 .9646 


.4210 .6243 


2 3750 .3757 


10 


1.1723 


0.4014 


23^00' 


.3907 9.5919 


.9205 9.9640 


.4245 9.6279 


2.3559 0.3721 


67° OO' 


1.1694 


0.4043 


10 


.3934 .5948 


.9194 .9635 


.4279 .6314 


2.3369 3686 


50 


1.1665 


0.4072 


20 


.3%1 .5978 


.9182 .9629 


.4314 .6348 


2.3183 .3652 


40 


1.1636 


0.4102 


30 


.3987 .6007 


.9171 .9624 


.4348 .6383 


2.2998 3617 


30 


1.1606 


0.4131 


40 


.4014 .6036 


.9159 .9618 


.4383 .6417 


22817 .3583 


20 


1.1577 


0.4160 


50 


.4041 .6065 


.9147 .%13 


.4417 .6452 


2.2637 .3548 


10 


1.1548 


0.4189 


24^00' 


.4067 9.6093 


.9135 9.9607 


.4452 9.6486 


2.2460 03514 


66° OO' 


1.1519 


0.4218 


10 


.4094 .6121 


.9124 .9602 


.4487 .6520 


2.2286 .3480 


50 


1.1490 


0.4247 


20 


.4120 .6149 


.9112 .9596 


.4522 .6553 


2.2113 3447 


40 


1.1461 


0.4276 


30 


.4147 .6177 


.9100 .9590 


.4557 .6587 


2,1943 3413 


30 


1.1432 


0.4305 


40 


.4173 .6205 


.9088 .9584 


.4592 .6620 


2.1775 3380 


20 


1.1403 


0.4334 


50 


.4200 .6232 


.9075 .9579 


.4628 .6654 


2.1609 .3346 


10 


1.1374 


0.4363 


25° OO' 


.4226 9.6259 


.9063 9.9573 


.4663 9.6687 


2.1445 0.3313 


65° OO' 


1.1345 


0.4392 


10 


.4253 .6286 


.9051 .9567 


.4699 .6720 


2.1283 .3280 


50 


1.1316 


0.4422 


20 


.4279 .6313 


.9038 .9561 


.4734 .6752 


2.1123 .3248 


40 


1.1286 


0.4451 


30 


.4305 .6340 


.9026 .9555 


.4770 .6785 


2.0965 3215 


30 


1.1257 


0.4480 


40 


.4331 .6366 


.9013 .9549 


.4806 .6817 


2.0809 3183 


20 


1.1228 


0.4509 


50 


.4358 .6392 


.9001 .9543 


.4841 .6850 


2.0655 3150 


10 


1.1199 


0.4538 


26° OO' 


.4384 9.6418 


.8988 9.9537 


.4877 9.6882 


2.0503 03118 


64° OO' 


1.1170 


0.4567 


10 


.4410 .6444 


.8975 .9530 


.4913 .6914 


2.0353 .3086 


50. 


1.1141 


0.4596 


20 


.4436 .6470 


.8%2 .9524 


.4950 .6946 


2.0204 3054 


40 


1.1112 


0.4625 


30 


.4462 .6495 


.8949 .9518 


.4986 .6977 


2.0057 3023 


30 


1.1083 


0.4654 


40 


.4488 .6521 


.8936 .9512 


.5022 .7009 


1.9912 .2991 


20 


1.1054 


af6H3^ 


50] 


.4514 .6546 


.8923 .9505 


.5059 .7040 


1.9768 .2960 


10 


1.1025 


0.4712 1 


^7^0a A540 9.6570 .8910 9.9499 


.S09S 9.7072 


1,9626 0.2928 


63° OO' 


1.0996 
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1%^ 






Trigonometric Functions. 




KADIANS. 


DBGRBBS. 


StNBS. 


COSINES. 


TANGBNl'S. 


COTANGBN'I'S. 






0.4712 


2r'oo' 


Nat. Loff. 
.4540 9.6570 


Nat. Log. 
.8910 9.9499 


Nat. Log. 

.5095 9.7072 


Nat. Log. 
l.%26 02928 


63*00' 


1.0996 


0.4741 


10 


.4566 .6595 


.8897 .9492 


.5132 .7103 


1.9486 .2897 


50 


1.0966 


0.4771 


20 


.4592 .6620 


.8884 .9486 


.5169 .7134 


1.9347 .2866 


40 


1.0937 


0.4800 


30 


.4617 .6644 


.8870 .9479 


.5206 ,7165 


1.9210 .2835 


30 


1.0908 


0.4629 


40 


,4643 .6668 


.8857 .9473 


.5243 .7196 


1.9074 .2804 


20 


1.0879 


0.4858 


50 


.4669 .6692 


.8843 .9466 


.5280 .7226 


1.8940 .2774 


10 


1.0850 


0.4887 


28^00' 


.4695 9.6716 


.8829 9.9459 


.5317 9.7257 


1.8807 0.2743 


62*00' 


1.0821 


0.4916 


10 


.4720 .6740 


.8816 .9453 


.5354 .7287 


1.8676 .2713 


50 


1.0792 


0.4945 


20 


.4746 .6763 


.8802 .9446 


.5392 .7317 


1.8546 J2683 


40 


1.0763 


0.4974 


30 


.4772 .6787 


.8788 .9439 


.5430 .7348 


1.8418 .2652 


30 


1.0734 


0.5003 


40 


.4797 .6810 


.8774 .9432 


.5467 .7378 


1.8291 .2622 


20 


1.0705 


0.5032 


50 


.4823 .6833 


.8760 .9425 


.5505 .7408 


1.8165 .2592 


10 


1.0676 


05061 


29^00' 


.4848 9.6856 


.8746 9.9418 


.5543 9.7438 


1.8040 02562 


61*00' 


1.0647 


0.5091 


10 


.4874 .6878 


.8732 .9411 


.5581 .7467 


1.7917 .2533 


50 


1.0617 


0.5120 


20 


.4899 .6901 


.8718 .9404 


.5619 .7497 


1.7796 .2503 


40 


1.0588 


0.5149 


30 


.4924 .6923 


.8704 .9397 


.5658 .7526 


1.7675 .2474 


30 


1.0559 


0.5178 


40 


.4950 .6946 


.8689 .9390 


.5696 .7556 


1.7556 .2444 


20 


1.0530 


0.5207 


50 


.4975 .6968 


.8675 .9383 


.5735 .7585 


1.7437 .2415 


10 


1.0501 


05236 


30*00' 


.5000 9.6990 


.8660 9.9375 


.5774 9.7614 


1.7321 0.2386 


60*00' 


1.0472 


05265 


10 


.5025 .7012 


.8646 .9368 


.5812 .7644 


1.7205 JiSSe 


50 


1.0443 


0.5294 


20 


.5050 .7033 


.8631 .9361 


.5851 .7673 


1.7090 .2327 


40 


1.0414 


05323 


30 


.5075 .7055 


.8616 .9353 


.5890 .7701 


1.6977 .2299 


30 


1.0385 


0.5352 


40 


.5100 .7076 


.8601 .9346 


.5930 .7730 


1.6864 .2270 


20 


1,0356 


0.5381 


50 


.5125 .7097 


.8587 .9338 


.5%9 .7759 


1.6753 .2241 


10 


1.0327 


0.5411 


31*^ OO' 


.5150 9.7118 


.8572 9.9331 


.6009 9.7788 


1.6643 02212 


59*00' 


1.0297 


0.5440 


10 


.5175 .7139 


.8557 .9323 


.6048 .7816 


1.6534 .2184 


50 


1.0268 


0.5469 


20 


.5200 .7160 


.8542 .9315 


.6088 .7845 


1.6426 .2155 


40 


1.0239 


0.5498 


30 


.5225 .7181 


.8526 .9.308 


.6128 .7873 


1.6319 .2127 


30 


1.0210 


0.5527 


40 


.5250 .7201 


.8511 .9300 


.6168 .7902 


1.6212 .2098 


20 


1.0181 


0.5556 


50 


.5275 .7222 


.8496 .9292 


.6208 .7930 


1.6107 .2070 


10 


1.0152 


0.5585 


32*00' 


.5299 9.7242 


.8480 9.9284 


.6249 9.7958 


1.6003 0.2042 


58* OO' 


1.0123 


05614 


10 


J324 .7262 


.8465 .9276 


.6289 .7986 


1.5900 .2014 


50 


1.0094 


0.5643 


20 


.5348 .7282 


.8450 .9268 


.6330 .8014 


1.5798 .1986 


40 


1.0065 


0.5672 


30 


.5373 .7302 


.8434 .9260 


.6371 .8042 


1.5697 .1958 


30 


1.0036 


0.5701 


40 


.5398 .7322 


.8418 .9252 


.6412 .8070 


1.5597 .1930 


20 


1.0007 


0.5730 


50 


.5422 .7342 


.8403 .9244 


.6453 .8097 


1.5497 .1903 


10 


0.9977 


0.5760 


33^00' 


.5446 9.7361 


.8387 9.9236 


.6494 9.8125 


1.5399 0.1875 


57*00' 


0.9948 


0.5789 


10 


.5471 .7380 


.8371 .9228 


.6536 .8153 


1.5301 .1847 


50 


0.9919 


05818 


20 


.5495 .7400 


.8355 .9219 


.6577 .8180 


1.5204 .1820 


40 


0.9890 


0.5847 


30 


.5519 .7419 


.8339 .9211 


.6619 .8208 


1.5108 .1792 


30 


0.9861 


05876 


40 


.5544 .7438 


.8323 .9203 


.6661 .8235 


1.5013 .1765 


20 


0.9832 


05905 


50 


.5568 .7457 


.8307 .9194 


.6703 .8263 


1.4919 .1737 


10 


0.9803 


05934 


34<>00' 


.5592 9.7476 


.8290 9.9186 


.6745 9.8290 


1.4826 0.1710 


56*00' 


0.9774 


05963 


10 


.5616 .7494 


.8274 .9177 


.6787 .8317 


1.4733 .1683 


50 


0.9745 


05992 


20 


.5640 .7513 


.8258 .9169 


.6830 .8344 


1.4641 .1656 


40 


0.9716 


0.6021 


30 


.5664 .7531 


.8241 .9160 


.6873 .8371 


1.4550 .1629 


30 


0.9687 


0.6050 


40 


.5688 .7550 


.8225 .9151 


.6916 .8398 


1.4460 .1602 


20 


0.9657 


0.6060 


50 


.5712 .7568 


.8208 .9142 


.6959 .8425 


1.4370 .1575 


10 


0.9628 


O6109 


35*00' 


.5736 9.7586 


.8192 9.9134 


.7002 9.8452 


1.4281 01548 


55*00' 


0.9599 


0.6138 


10 


.5760 .7604 


.8175 .9125 


.7046 .8479 


1.4193 .1521 


50 


0.9570 


0.6167 


20 


.5783 .7622 


.8158 .9116 


.7089 .8506 


1.4106 .1494 


40 


0.9541 


0.6196 


30 


.5807 .7640 


.8141 .9107 


.7133 .8533 


1.4019 .1467 


30 


0.9512 


06225 


40 


.5831 .7657 


.8124 .9098 


.7177 .8559 


1.3934 .1441 


20 


0.9483 


0.6254 


50 


.5854 7675 


.8107 .9089 


.7221 .8586 


13848 .1414 


10 


0.9454 


0.6283 


36*00' 


.5878 9.7692 


.8090 9.9080 


.7265 9.8613 


1.3764 0.1387 
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TABLES. 










Trigonometric Functions. 




KADIANS. 


DBGRBBS. 


SINES. 


COSINES. 


TANGENTS. 


COTANGEN'1-S. 






0.6283 


36*»00' 


Nat. Log. 
.5878 9.7^2 


Nat. Log. 
.8090 9.9080 


Nat. Log. 
.7265 9.8^3 


Nat. Log. 
1.3764 0.1387 


54^00' 


0.9425 


0.6312 


10 


.5901 .7710 


.8073 .9070 


.7310 .8639 


1.3680 .1361 


50 


0.9396 


0.6341 


20 


.5925 .7727 


.8056 .9061 


.7355 .8666 


1.3597 .1334 


40 


0.9367 


0.6370 


30 


.5948 .7744 


.8039 .9052 


.7400 .8692 


1.3514 .1308 


30 


0.9338 


0.6400 


40 


.5972 .7761 


.8021 .9042 


.7445 .8718 


1.3432 .1282 


20 


0.9308 


0.6429 


50 


.5995 .7778 


.8004 .9033 


.7490 .8745 


1.3351 .1255 


10 


0.9279 


0.6458 


37*»00' 


.6018 9.7795 


.7986 9.9023 


.7536 9.8771 


1.3270 0.1229 


53*^00' 


0.9250 


0.6487 


10 


.6041 .7811 


.7969 .9014 


.7581 .8797 


1.3190 .1203 


50 


0.9221 


0.6516 


20 


.6065 .7828 


.7951 .9004 


.7627 .8824 


1.3111 .1176 


40 


0.9192 


0.6545 


30 


.6088 .7844 


.7934 .8995 


.7673 .8850 


1.3032 .1150 


30 


0.9163 


0.6574 


40 


.6111 .7861 


.7916 .8985 


.7720 .8876 


1.2954 .1124 


20 


0.9134 


0.6603 


50 


.6134 .7877 


.7898 .8975 


.7766 .8902 


1.2876 .1098 


10 


0.9105 


0.6632 


38^00' 


.6157 9.7893 


.7880 9.8965 


.7813 9.8928 


1.2799 0.1072 


52^ 00" 


0.9076 


0.6661 


10 


.6180 .7910 


.7862 .8955 


.7860 .8954 


1.2723 .1046 


50 


0.9047 


0.6690 


20 


.6202 .7926 


.7844 .8945 


.7907 .8980 


1.2647 .1020 


40 


0.9018 


0.6720 


30 


.6225 .7941 


.7826 .8935 


.7954 .9006 


1.2572 .0994 


30 


0.8988 


0.6749 


40 


.6248 .7957 


.7808 .8925 


.8002 .9032 


1.2497 .0968 


20 


0.8959 


0.6778 


50 


.6271 .7973 


.7790 .8915 


.8050 .9058 


1.2423 .0942 


10 


0.8930 


0.6807 


39° 00' 


.6293 9.7989 


.7771 9.8905 


.8098 9.9084 


1.2349 0.0916 


SPOO' 


0.8901 


0.6836 


10 


.6316 .800+ 


.7753 .8895 


.8146 .9110 


1.2276 .0890 


50 


0.8872 


0.6865 


20 


.6338 .8020 


.7735 .8884 


.8195 .9135 


1.2203 .0865 


40 


0.8843 


0.6894 


30 


.6361 .8035 


.7716 .8874 


.$243 .9161 


1.2131 .0839 


30 


0.8814 


0.6923 


40 


.6383 .8050 


.7698 .8864 


.8292 .9187 


1.2059 .0813 


20 


0.8785 


0.6952 


50 


.6406 .8066 


.7679 .8853 


.8342 .9212 


1.1988 .0788 


10 


0.8756 


0.6981 


40^00' 


.6428 9.8081 


.7660 9.8843 


.8391 9.9238 


1.1918 0.0762 


50° OO' 


0.8727 


0.7010 


10 


.6450 .8096 


.7642 .8832 


.8441 .9264 


1.1847 .0736 


50 


0.8698 


a7039 


20 


.6472 .8111 


.7623 .8821 


.8491 .9289 


1.1778 .0711 


40 


0.8668 


0.7069 


30 


.6494 .8125 


.7604 .8810 


.8541 .9315 


1.1708 .0685 


30 


0.8639 


0.7098 


40 


.657.7 .8140 


.7585 .8800 


.8591 .9341 


1.1640 .0659 


20 


0.8610 


0.7127 


50 


.6539 .8155 


.7566 .8789 


.8642 .9366 


1.1571 .0634 


10 


0.8581 


0.7156 


4P00' 


.6561 9.8169 


.7547 9.8778 


.8693 9.9392 


1.1504 0.0608 


49° OO' 


0.8552 


0.7185 


10 


.6583 .8184 


.7528 .8767 


.8744 .9417 


1.1436 .0583 


50 


0.8523 


0.7214 


20 


.6604 .8198 


.7509 .8756 


.8796 .9443 


1.1369 .0557 


40 


0.8494 


0.7243 


30 


.6626 .8213 


.7490 .8745 


.8847 .9468 


1.1303 .0532 


30 


0.8465 


0.7^72 


40 


.6648 .8227 


.7470 .8733 


.8899 .9494 


1.1237 .0506 


20 


0.8436 


0.7301 


50 


.6670 .8241 


.7451 .8722 


.8952 .9519 


1.1171 .0481 


10 


0.8407 


0.7330 


42<'00' 


.6691 9.8255 


.7431 9.8711 


.9004 9.9544 


1.1106 0.0456 


48° OO' 


0.8378 


0.7359 


10 


.6713 .8269 


.7412 .8699 


.9057 .9570 


1.1041 .0430 


50 


0.8348 


0.7389 


20 


.6734 .8283 


.7392 .8688 


.9110 .9595 


1.0977 .0405 


40 


0.8319 


0.7418 


30 


.6756 .8297 


.7373 .8676 


.9163 .%21 


1.0913 .0379 


30 


0.8290 


0.7447 


40 


.6777 .8311 


.7353 .8665 


.9217 .9646 


1.0850 .0354 


20 


0.8261 


0.7476 


50 


.6799 .8324 


.7333 .8653 


.9271 .%71 


1.0786 .0329 


10 


0.8232 


0.7505 


43<»00' 


.6820 9.8338 


.7314 9.8641 


.9325 9.%97 


1.0724 0.0303 


47° OO' 


0.8203 


0.7534 


10 


.6841 .8351 


.7294 .8629 


.9380 .9722 


1.0661 .0278 


50 


0.8174 


0.7563 


20 


.6862 .8365 


.7274 .8618 


.9435 .9747 


1.0599 .0253 


40 


0.8145 


0.7592 


30 


.6884 .8378 


.7254 .8606 


.9490 .9772 


1.0538 .0228 


30 


0.8116 


0.7621 


40 


.6905 .8391 


.7234 .8594 


.9545 .9798 


1.0477 .0202 


20 


0.8087 


0.7650 


50 


.6926 .8405 


.7214 .8582 


.9601 .9823 


1.0416 .0177 


10 


0.8058 


0.7679 


44^^00' 


.6947 9.8418 


.7193 9.8569 


.9657 9.9848 


1.0355 0.0152 


46° OO' 


0.8029 


0.7709 


10 


.6967 .8431 


.7173 .8557 


.9713 .9874 


1.0295 .0126 


50 


0.7999 


0.7738 


20 


.6988 .8444 


.7153 .8545 


.9770 .9899 


1.0235 .0101 


40 


0.7970 


0.7767 


30 


.7009 .8457 


.7133 .8532 


.9827 .9924 


1.0176 .0076 


30 


0.7941 


0.7796 


40 


.7030 .8469 


.7112 .8520 


.9884 .9949 


1.0117 .0051 


20 


0.7912 


0.7825 


50 


.7050 .8482 


.7092 .8507 


.9942 .9975 


1.0058 .0025 


10 


0.7883 


O.TSS^I 


45'>(Xy].707l 9M9S 


.7071 9.8495 


1.0000 0.0000 


1.0000 0.0000 


45° OO' 


0.7854 
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Equivalents of Radians in Degrees, Minutes, and Seconds of Arc. 



UMJ>IAXB, 


BQUIYALBKTS. 


RADIAHS. 


EQUIYALRNTS. 


0.0001 


0° O' 20''.6 or 0^.005730 


0.0600 


3*^ 26' 15^9 or 3*^.437747 


0.0002 


0° 0'41''.3 or 0*^.011459 


0.0700 


4*» 0^38^5 or 4*^.010705 


0.0003 


0** ror'.9 or 0*^.017189 


0.0800 


4<>35'0r'.2 or 4*^.583662 


0.0004 


OP V1V*S or a».022918 


0.0900 


5^ 9'23".8 or 5*».156620 


0.0005 


0*> r43''.l or 0*^.028648 


0.1000 


5*'43'46''.5 or 5*^.729578 


0.0006 


0*> 2^03^8 or 0^.034377 


0.2000 


1P27'33".0 or 1P.459156 


0.0007 


0*> 2^24^4 or 0^.040107 


0.3000 


17*» ir 19".4 or 17*^.188734 


0.0008 


0*> 2^45^.0 or 0^.045837 


0.4000 


22<>55'05^9 or 22*^.918312 


0.0009 


0*> 3'05".6 or 0^.051566 


0.5000 


28°38'52''.4 or 28*^.647890 


0.0010 


0*> 3'26".3 or 0*».057296 


0.6000 


340 22' 38^9 or 34*^.377468 


0.0020 


0« 6' 52^5 or 0*>.114592 


0.7000 


40*> 6' 25".4 or 40^.107046 


0.0030 


0*>10'18^.8or 0*>.171887 


0.8000 


45*» 50^ 11".8 or 45*».836624 


0.0040 


0*>13'45M 0x0*^.229183 


0.9000 


51*'33'58".3 or 5P.566202 


0.0050 


0*> 17' ir.3 or 0*>.286479 


1.0000 


570 17/ 44// 3 or 57^.295780 


0.0060 


0*> 20^37^6 or 0*>.343775 


2.0000 


IH^' 35' 29''.6 or 114«>.591559 


0.0070 


0*>24'03^9 orO*>.401070 


3.0000 


17P53'14''.4 or 17P.887339 


oxxm 


0*>27'30".l or 0*>.458366 


4.0000 


229*» lO' 59".2 or 229°.183118 


0.0090 


0>30'S6''.4 orO*».515662 


5.0000 


286*» 28' 44".0 or 286«>.478898 


0.0100 


0°34'22''.6 or 0*>.572958 


6.0000 


343*»46'28".8 or 343*^.774677 


0.0200 


P 8'45''3 or 10.145916 


7.0000 


401*» 4' 13".6 or 401*».070457 


0.0300 


P 43' 07^9 or R718873 


8.0000 


458^ 21' 58".4 or 458°.366236 


0.0400 


2oi7'30^.6or2°.291831 


9.0000 


515*^39'43".3 Or 515^.662016 


0.0500 


2*»51'S3''.2 or 2<>.864789 


10.0000 


572*»57'28".l or 572*^.957795 



The Values in Circular Measure of Angles which are given in 

Degrees and Minutes* 



r 


0.0003 


y 


0.0026 


3** 


0.0524 


2QP 


0.3491 


100° 


1.7453 


y 


0.0006 


10' 


0.0029 


4*» 


0.0698 


ZQP 


0.5236 


110** 


1.9199 


y 


0.0009 


20' 


0.0058 


50 


0.0873 


40* 


0.6981 


120*> 


2.0944 


4' 


0.00J2 


30' 


0.0087 


6*» 


0.1047 


50*» 


0.8727 


130*> 


2.2689 


5' 


0.0015 


40' 


0.0116 


70 


0.1222 


60*> 


1.0472 


140° 


2.4435 


^ 


0.0017 


50^ 


0.0145 


8*^ 


0.1396 


70** 


1.2217 


150** 


2.6180 


T 


0.0020 


V 


0.0175 


90 


0.1571 


80*^ 


1.3963 


160° 


2.792S 


2r 


0.0023 


20 


0.0349 


lO*' 


0.1745 


90*» 


1.5708 


170° 


2.9671 

: =3 
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